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By  

Masahiko S▲TO＊  

Asiswellknown，theideaofGrundyfunctionsand Grundy’s theorem  

are veryimportantand usefulwhen we considerthe Cartesian prduct of  

garhes．Of course，there are severalproofs for Grundy，s theorem．1）Yet，  

wさ 

SmOperation（bitwiseadditionwithoutcarry）mustappearinthetheorem■  

An answerforit willbegivenin this paper．  

Mathematically，a gameis nothing but a binary relation on a set．  

Accordingly，its mathematicalstructure can nOt be so rich In§3，We  

Shallintrduce the notionoflineargameswithricher struCtureS．Andwe  

Shal1prove that any game Gis embeddableinto alinear game L（G），and  

thattheGrundyfunctionon L（G）isalinearmapfromL（G）toN．2）This  

Willeasilylead甲tO a prOOfofGrundy’s theorem・   

Inil，aS a preparation for the following §＄，We Shal1view basic  

propertiesof gameS・In§2，We Shal1intrducethe notion ofcompatibility，  

and extendit to the notion of semicompatibility．Using the notion of  

Semicompatibility，We Shal1giv寧 a Characterization of Grundy functions．  

This，We think，wi11clarifythe meaning of Grundy functions．In§4，We  

Shal1extend the resultsin§3，and show that the Grundyfunctiononany  

linear gameis alincar map．  

The・authorwishes to thank Prof．S．Hitotumatu whoseliterature3）in  

Japane紀guided．him tothis負eld．Profs．S．Hitotumatu，A．Nozaki，and   

Received Octoberl，1971，   

Communicated by S．Hitotumatu．  

●Departmentof Mathematics，University of Tokyo，Hongo，Tokyo，113，Japan．  

1）5ke e．g．【1］，【2］，［4］．  
2）By叫we mean the set ofal1non－negativeintegers．  

3）See［5］．   
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T・Hosoikindly discussedwith the author while he was preparlng this  

paper．Thanks are also due to them．  

§1．Preliminari朗  

Webeginwith thedefinition ofgam？S・  

De丘nitionl．1・A g超桝βCね〃如fr（5，β），紗カβrβ5fg〃伽乃β叫，り  

gd，胡正〟わ＝＝晰朝蜘gルの乃5わ2ぶ．  

Thus de負nedgameis a two－perSOn gaIn寧played alternately by two  

players，Say，A and B・An element s．of Siscalled肇Stateqfthegame・  

Astateswithp（s）＝Qiscalledterminal・The甲㍗eispla呵千foIIpws：   

If the stateis now s andifitis A’s turn，A choo＄eS a Statelin  

P（s），thenit，sB，sturnandBChoosesastateヤ 

ifit，s A（orB），sturヮtochange s叫ifs阜Stermiふal，thep，P（orA）  

Wins the game・ 

ExamPle：A game called one－pile nimis definもd as follows：  

（1）5＝凡（2）β（ぶ）＝卓∈ⅣlJ＜寧）．  

We denote this game by Nl．   

In what follows，We further assume the followlng three conditions for  

any game・   

（1）Gis progressively負nite，thatis，for any s∈・Sthere exists some  

n∈Nsuch that〆（s）＝Q．4）   

（2）Gis／‘－finite，thatis，for any s∈S，P（s）is afinite set．   

（3）Sis at most countable．  

Later we shallconstruct variousgameS fromgivengames．Itis easy  

to verify・the atDVe three conditionsforal1such constructed games，SO  

We Omit the proofs．  

The followlnglemmais not di缶cult to show．  

hmmal．2．Jわr〃りC，Jカ〝βfgα¢乃βわ0乃β椚‘ゆ〆乃g（プ：5→叫  

4）Note that FLO（s）＝is）and FL－＋1（s）＝FL（FLt（s））．   
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∫〟Cゐfゐαfカrα，リ5∈5〃乃d‡∈〟（5），d（‡）＜d（5）．  

We shall触a mapping din Lemmal．2，then S canbe well－Ordered  

by using this d・Wedenotetheleastelementof S bysO，andthesecond  

least element by sl，and so on・  

De丘nilio皿1．3．エゼ′ 5 ムβ α 5ねfβ 〆 α 卯桝β C．Ⅳg dq斤舛βJ加  

Jβ搾gfゐヱ（5）〆ぶわん＝伽grβαf郎f f舛f聯rござ〟Cゐ血f〆（5）≠¢．   

▼±ミ．ご汗ノ！， 

De丘血ilionl．五・ノ1ふkね51kふ扉お ちr〃柁j叶仇血肌ゞ ♪句作γ C倒すカ椚  

ね＝附加，α搾diざ桝ざq々げfゐβ舛αf〆り・〝Cα紹ノbrcβfo紺i軌  

We denote th占whole set of safestates by P（G）（Or 

understood），and that ofunsafestatesbylV（G）（or N）．Theムitis easy  

to see that  

5＝タ∪〃，  

タ∩Ⅳ＝¢，  

タ＝U旦，and  
i＝0  

Ⅳ＝∪弼，  
i＝O   

Where彗and凡are de丘nedinductively as follo☆s：  

タ0＝ijl〟（∫）＝れ  

弼＝i5l〟（5）∩旦≠め，  

ム 
彗十1＝iぶl〟（5）⊂凡〉．  

The followinglemmais also straightforward．   

mmal．5／5∈タ好〟（5）⊂几  

ざ∈Ⅳもゲβ（5）nf■≠¢．  

De丘nilionl．6．エdこC＝＝（5，〟）β舛d C′＝（5′，〆）∂g如O g近桝β∫．A  

桝頑〆”g′；5→5′fざβ加桝¢仰ゆ触桝ノね桝CわC′坑ノ抄β叩1∈5，   
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〆（′（∫））＝′（〟（∫））・  

The followingtheorem shows an essentialproperty Of homomorphism・  

Tbeoreml・7・エd′：5→5′如‘一助朝川研少揖朋ノわ桝（；わ（′・  

乃朗／げ笹））⊂P（G′），朗雇′（叫C））⊂呵C′）．〝Jrね封わ血涙，fg乃  

刀ア（C））＝P（C′），〃”d′（〃（C））＝〃（C′）・  

Proqfl We show，by theinduction，the following statements for  

every f∈凡   

（Ⅰ）i∫∈省⇒パ5）∈P；・   

（ⅠⅠ）i∫∈弼⇒パ∫）∈Ⅳ；・   

Firsf，WeprOVe（Ⅰ）0：S∈Po⇒p（s）＝Q⇒f（P（s））＝Q  

⇒〆（パβ））＝¢⇒′（β）∈P占・  

We prove（ⅠⅠ）L SuppOSing（Ⅰ），：S∈NL⇒p（s）nPi≠Q  

⇒パ〟（ぷ）∩彗）≠¢⇒パ〟（β））／V（彗）≠¢⇒〆（パβ））nP；≠¢⇒パβ）∈Ⅳ；・  

We derive（Ⅰ）i．1from（ⅠⅠ）i：s∈省＋1⇒JL（s）⊂N；  

⇒〆（′（∫））＝パ〟（β））⊂Ⅳ；⇒パ∫）∈P；．1・  

The負rst half of the theoremis thus proved．Thelatter halfis now  

trivial．  

§2・C一針批tモーi組tion ofGmmdy f－Ⅵnetion8  

De丘nition2．1．A乃印〟わ〃J卯β柁J〃ff〃光一－αけ5fざ00坤ff抽紺ffゐ〟，  

げ∫－β′f〝ゆJfgざf旭ノね〃町 ほ〝（∫）拍〝g fぶざ〃桝βf′∈〟（∫′）ざ〟Cゐ拍αf  

f・－f′．w壱α沼l血豆れ由班加＝αα棚卸班朗々れ加雨脚＝弼（．  

Given an equivalence relation～COmpatible withp，We Can de負ne a  

quotient game G／～＝（S′，d）as fo1lows：   

（1）S，＝〃－．（2）Let［s］denotetheequivalenceclassofs・Weset  

〆（［∫］）＝［〟（∫）］．  

Thenitis clear that the canonicalmapping［］：S→S′is an onto  

homomorphism from G to G／～・Nexttheorem also shows a close con・  

nection between homomorphism and compatible relation on G・The proof  

i＄immediate．   
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Theo－em2・2・ケ′：C→C′ ね（川一川血ノ払酢卯伽咋血知朋f如朋J加須  

β∬f5fざ〃Cα桝♪〃浦上β′βJ〃fわ乃～〃乃C5〟Cゐ才力〃f C′ねわ研削咋而cわ（／～．  

De丘nition王≧．3．血＝卿血山裾β 祓励加 … 〃れ 5i5 00批d 5β刑f・  

冊ゆ劇痛抑肋′，ゲぶ…＝〝ゆJfβ5地上♪r叫ぶ′∈β（∫）fゐ〝βi5β離〝  

ざ〃桝アヂノ∈〟（f）5〟C川〃fぶ′…f′αr5〟〝“，5′′∈〟（ぶ′）5“C川〃＝′′…ぶ・肋  

ⅢJJfカ∫5′βJαfわ〝〃5β刑fc〃刑♪戚f抽′βJ〃fわ搾〃れC．  

Itis well－known that the Grundy function gb（or g when Gis  

understod）on G can be de丘ned recursively bythe equation：  

〆ぶ）＝min（Ⅳ－g（β（ぶ）））・  

bmm且2・4・エgf…∂β〃∫β刑fc〃桝♪αffみJβ′βJ〃如〝〃れC．丁Ⅵβ〝∫＝J  

i〝ゆノブβ5g（5）＝g（け  

Pbqf．Suppo紀 thelemma holds forl（s），l（E）＜Tn．Suppose now  

l（s）＝Tn Orl（E）＝m．WemayassumethatTn＝l（s）≧l（E）andthatifl（u）  

＜l（E）then zL≠E．Then，by theinductionhypothesis，g（p（E））⊂g（p（s））・  

Hence g（s）≧g（l）・But，if g（s）＞g（E）thenthereissome s′∈p（s）such  

that g（s′）＝g（E）・Then，bytheinductionhypothesis，therearenoE′∈p（E）  

such that s’…E′．Hence thereis some s′′∈p（s′）such that s′′…S…E．By  

t？eassumptionon E weknowl（E）≦l（s′′）＜l（s）＝1n・So，bytheinduction  

hYPOthesis，g（s′′）＝g（E）＝g（s′）．Thisisacontradiction．Thusふehave  

g（5）＝g（り・  

Since sis safeiff g（s）＝0，We have  

Co－011a－y2・5・エ虎＝∂β〃∫β班毎桝如抽Jβ′β血fわ〝〃〝C．ケ∫…‘  

糎咋∫f55q々紺【i55頑・  

一汁l  

De丘nilion2・6．凡′α5β桝如刑j加地JβrβJ〃fわ〃 …〃〝C，甜β瑚〝β  

竃：5→2㍉がカ地肌：  

〟≡（∫）＝i∫′∈〟（∫）l∀f…∫，ヨf′∈〟（り5〟Cゐ眈f了…∫′†・  

hmm82・7・β≡（∫）＝i∫′∈〟（∫）l∀f…∫，］‘′∈〟≡（り5〟Cゐ血＝′…ぷ′†．   
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月ro妨 Since／‘≡（E）⊂p（E），itis clear that theleft sideJOf the equa－  

tionincludes the right side・Suppose s′∈p＝（s）．Suppose further E…S．  

Thenthereissome t′∈P（l）suchthat E′≡≡S′・Ve have only to show  

that E′∈P≡（E）．Take any u…t，then zL…s．Sinces′∈p≡（s）thereissome  

u′∈p（u）suchthat u′…S′・Since E’…S′，thismeansthatforanん…E  

thereis some払′∈p（zL）such that zL′＝l′．Hence，by the de血ition oi  

〝≡（f），f′∈β≡（J）．  

hmma2．8．ゲ〟（∫）nP≠¢，fゐg乃 〟≡（∫）∩タ≠臥  

fケoqflLet E be theleast elementin S such that s…E．Clearly，  

P≡（t）＝LE（l）．Therefore，by Lemma2．4，P≡（E）nP≠＠．If we take t′∈  

P≡（l）∩ろthen，by Lemma2．7，thereis some s’∈P≡（s）such that s′…E′．  

Since E，isin Lt this s′is alsoin P．  

Corol18ry2．9．山一C≡∂g（5，〟…）．コⅦ∽p（C）＝P（C≡）α乃d叫C）＝  

叫C≡）．   

If …is an equivalence relation on S semicompatiblewith p，then，  

by Lemma2．7，…is compatible with p≡．Therefore wecan de負neagame  

C／…by C／…＝C≡／…．  

D鮎ition2．10．Gfむg〝知β邸椚g5Cα〃dC′，肌＝叫yα〝叫炒飯g／‥  

5→5′f5α5g桝伽研ム桝呵肋研げ′i5αタβ桝β椚〝やぁi5桝〟β椚′C幸わC′  

ルr50桝g∫g刑fcβゆff∂Jg rgJαまわ乃…β〝ぢ．  

Since any relation on Sis a subset of SxS，the set of a11semicom－  

patible relations on G can be ordered by the setinclusion ⊂．Let us  

de負ne an equivalence relation …g On S by the condition that s…gEiff  

g（s）＝g（E）・Itis easy to see that…gis a semicompatible relation on  

G．By Lemma2．4，We have the following theorem which characteriz＄S  

Grundy functions．  

Tbeふrem2．11．（1）A，り邸桝之Cゐα∫′ゐg桝αガf桝〝桝∫g椚加〝ゆα刷g  

rgね′わ〝 ≡g・   

（2）エ虎［］∂g〃柁Cα卯押通J桝呼〆〝gノン0桝CわC／…g■ Tゐg乃g（∫）＝   
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＝［∫］）．  

Remark．G／…gis embeddableinto one－pile nim Nl．  

In［3］，Grundy and Smith defined Efunction onany game．By  

uslng thisfunction，WeCaneaSilyshowthefollowlngtWOlemhlaSanalogous  

to Lemma2．4and Theorem 2．11．  
1T「1テI  

hmm82．12．上d～鮎Jトm呵如拙七 れ加地朋 α柁 C．コ恨飢 5～f  

f〝ゆJgβ5餌∫）＝丘（f）．  
も■11  

Lemm82．13．（1）A町g〃桝g Cゐ〃5′ゐβ桝郎i桝〟桝Cβ〝ゆ〃′f抽rgJか  

Jわ乃～g．   

（2）上β′［］わ〟毎α抑血ねJ批朝廟gル川＝C ね（／～g．乃β花  

月（ゴ）＝丘（［∫］）．  

Thus we obtain，for any game G，the followlng COmmutative diagram，  

Where we write Eforthe game of Evalues definedin［3］．  

コ「  5
。
 
隼
卜
 式
 
 

ヒc＼，i！三  
方，亡皿パho爪・し  

§3．Grundy’8Theorem  

De丘nition3．1．上β′∬∂β〃5〝∂5d〆〟b♪（5，5）．5）月〝1川ツ5∈5，  

抑gl〃勇セ．打（5）カr（九∈∬lんb）≠・5†．肋瑚乃β伽：5→2ざ砂伽（5）＝  

iん（∫）lん∈月（5）†．  

De丘nition3．2．A gの捌，C＝（5，〟）i5C〃批dαJよ乃β〃r gα刑g，ゲiJ  

5αJi頭β5′ゐβカ〟0紺i〃g CO形成′わ乃5．   

（Ⅰ）5f5α〝gdβr5♪αCββ〃〝Z26）w加5βαdガ′わ〃i5虎那′gd砂㊦．   

（ⅠⅠ）〟＝伽カrぶβ刑β〟5征ゐ′ゐα′  

5）Map（S，S）means the set ofal1the mappings from S to S．  

6）Z葛isthe fieldconsistingof two elementsO andl．   
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（〃）」吼ぶ⑳f）＝呵5）㊦月（り7）斤r〃町5，ほ5，〃〝d  

（み）ん（5⑳∫）＝ん（5）㊦ん（∫） βr〃町ん∈∬〃〝d5，‘∈且  

For any game G＝（S，P）we shal1de丘ne alinear game L（G）．First  

wedefine agamee＝（B，β）asfollows：   

（1）BisasubsetofⅢNsuchthat（ns）s∈S∈Siff ns＝O foral1  
∫∈∫  

but負nite s∈S．   

（2）（Tns）s∈S∈G（（ns）s∈S）iff there aresome s and t∈P（s）suchthat  

仇き＝花∫一1，叫＝花J＋1，and〝l．＝花〃（if王▲≠5，‘）．  

bmma き．3．（1）〝（花∫）∫∈∫∈彗e）〃〝d（m∫）∫∈∫∈P（e）′ゐβ乃  

（花き＋mき）封∈5∈P（β）．   

（2）〝（花∫）き∈β∈P（e）〃〝d（m5）封≡ぶ∈〃（e）fゐβ〝（几∫＋m∫）丘∈ぶ∈叫e）．  

Pro妨 Suppose thelemma holds forl（（n＄＋Tn＄）＄∈S）＜k．Suppose  

J（（花∫＋mさ）‘∈∫）＝た．   

（1）Take any（l＄）s∈S∈G（（ns＋ms）s∈S）．Then，for soふe s，lB＝  

TIs＋ms－1．We may assume Tns＞0． Thenitis easy to see that  

（ls）s∈S＝（ns＋Tnま）s∈S，for some（Tn；）s∈S∈β（（m＄）s∈S）⊂N（e）．Bythein－  

duction hypothesis，（ls）s∈S∈N（e）．Hence（ns＋ms）封≡SeP（e）．   

（2）Since（Tns）s∈S∈N（e），thereis some（Tn；）s∈S∈G（（ms）封∈S）such  

that（Tn；）ses∈P（e）．Clearly，（ns＋Tn；）ses∈G（（ns＋ms））．Bytheinduc－  

tion hypothesis，（ns＋m；）s∈S∈P（e）．Hence（ns＋ms）s∈S∈叩e），  

Let us de血e anequivalence relation＝On B by that（n。）ses＝  

（ms）s∈Siff T｝s＝Tns（mod2），for alls∈S．Thenitis not di氏cult to see  

that…is asemicompatible relation one．Wede丘ne■L（G）＝e／…．We  

denotetheequivalenceclass of（n＄）s∈S by［（ns）s∈S］．Thenwe cande負ne  

ano匹ration⑳onエ（5）＝5／…by［（花．）封∈5］⑳［（恥）慮∈∫］＝［（汀g＋mg）∫∈ぶ］．  

Clearly，L（S）is a vector spce over Z2by this operation．By Lemma  

3．3，We have the followlng theorem．  

Theor‘∋m8．4．タ（エ（G））i5〃ざ〟み坤αCe〆エ（5）．  

Now，Wedefineamappingf：S→Sasfollows：foranyい≡S，f（L）＝  

7）Here，H（S）⑳H（L）＝（H（s）－H（L））∪（H（L）－H（S）），i．e．，the symmetric di仔erence．   
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（ns）sES，Where n一＝1and ns＝Oif s≠t．  

Clearly，S←＋［f（s）］is anisomorphisminto Ginto L（G）・So，by  

identifyingsand［f（s）］，WemayCOnSiderthatG⊂L（G）・Itisclearthat  

Sis a basis of L（S）．So，any element zL∈L（S）can be writtenin the  

form u＝∑⑳αs（zL）s（α6（u）∈Z2）．Now，for any s∈S and t∈p（s），We  
ぶ∈ぶ  

define alinear rnap h6，，On L（S）by hs．，（u）＝ZLOαs（zL）（s⑳t）・We set  

H＝ihs，（ls∈S，E∈P（s）l．Thenitis easy to see that this HsatisRes the  

鱒ndition（ⅠⅠ）ofDefinition3・2・Therefore，L（G）isalineargame・  

Recallthat Sis well－Ordered byLemmal．2，i．e．，S＝isO，SIs2，・・・l，  

WheresO＜sl＜s2＜ざ3＜・・・．Usingthisorder L（S）canbealsowell－Ordered  

EaS follows：Let s＝∑申αLSE and E＝∑⑳CiSE be two elementsin L（S），  

whereαE，GE∈Z2．Then we de丘ne s≦tiff ∑αE2L≦∑Jgi2L．  

It can t光eaSily seen thatthis order has thefollowlng prOperty：  

β〝1川ツj∈エ（ぶ）α肌7ん∈呵∫），ん（∫）＜∫．  

bmⅡ柑■3・5・凡γ朗プ舶舶肌＝∈エ（5），Jβf g（ぶ）あβ〃好gr♂〃fβざf f〝－  

J聯rたぶ加Cカiゐαfα占－（5）＝1．上d㌧ダ＝5－i5烏lた＝g（5）カrs㈹ぶ∈タ（ぺG）））．  

上βJ¢∂βfゐg5如ゆαCβ〆エ（∫）ゆ紺触れ妙∫」7‰〝 上（5）＝P（エ（C））⑳¢，  

i抽β成r♂Cf5〟桝〆加〃〝ぬ〝ざ〟あゅC俗．  

The proofisimmediate from the de丘nition of F  

Since L（S）＝P（L（G））㊦Q，alinear map q：L（S）→Qcan be defined  

as the projection from L（S）to（？．Then the followinglemmais also  

immediate．  

bmm且3．6．ムd［］：エ（5）→エ（5）／P（上（C））わ〃kcβ乃〃血αJ刑砂・  

〆州g・丁Ⅵβ乃カrα叫ぶ∈エ（5），g（∫）＝min［∫］．  

bmm且3．7．月けαり＝∈エ（5）〃乃dほ¢ざ〟Cゐ班‘〟f＜9（∫），fゐ〝g∫5  

5㈹gん∈月（∫）細山＝励扉9（ん（∫））＝f・  

L＞oqfl（1）Firstweshows㊦E¢P（L（G））．Suppsethats⑳teLTL（G）），  

then O＝q（s㊦E）＝q（s）⑳q（E）＝q（s）⑳t・Hence t＝q（s）・A contradiction・  

（2）Sinces⑳tisunsafe，thereissomeh∈H（se）t）suchthath（s㊦t）∈  

P（L（G））・Hence O＝q（h（s））㊦q（h（t））・Thatis，q（h（s））＝q（h（t）），Where   
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eitherん∈H（s）－H（t）orん∈H（t）－H（s）．Suppose h∈H（tトH（s）．Then  

h（s）＝S・Henceq（h（t））＝q（s）＞t＞h（t）≧q（h（t））．Thisisacontradiction，  

So，h∈H（s）－H（t）・Thuswe know h∈H（s）and q（h（s））＝t．  

Lemma3・8・凡‥叫＝∈上（5）α押dん∈呵5），9（5）≠9（ん（5））．  

E＞oq（Since s＝q（s）⑳（q（s）⑳s），either（1）h∈H（q（s））－H（q（s）⑳s）  

or（2）ん 

（Casel）h（s）＝h（q（s））㊦■（q（s）⑳s）・Hence q（h（s））＝q（h（q（s）））・By  

Lemma3・6，Wehaveq（h（q（s）））＜q（s）・Hence q（s）≠q（h（s））■   

（Case2）Inthiscase h∈H（s）－E（q（s））．Hence  

q（h（q（s）⑬s））＝q（h（q（s））⑳h（s））＝q（q（s）⑳h（s））＝q（s）㊦q（h（s））・But，Since  

q（s）EDsissafe，q（h（q（s）⑳s）））≠0・Thusq（s）≠q（h（s））・   

Now，1etβ＝i花∈Ⅳト＜釣㊦，紺ゐg柁¢血〃fア＝加cα′励α物〆侮  

seL q．If we denote the binary sum ofintegers by（D，then Dis a vec－  

tor space over Z2With respect to this（D．We denote theith1east eleT  

mentofF8）byfi－1，thenanys∈QisoftheformS＝∑◎αEfi（αE∈Z2）・   

Wede血eamapping p‥q→Dby p（∑◎αif＄）＝∑◎a12＜・Then we  

can easily verify that pis an ontoisomorphismwith respeCt tO（D and  

≦・Hence，by Lemmas3・7and3・8，We See that poqis the Grundy  

function on L（G）．Thus we obtain the following theorem．  

Theorem3．9．乃βGr〟みノ五柁Cfわ〝〃〃 上（C）ね一クJ緑風卯・升（ゆノ毎朝  

上（C）わ凡  

De丘niti（In3．1α．ノ4g椚捌Z C＝（5，〟）i∫ CαJJgd′ゐg成rgcJ∫〝椚〆花  

g〃桝β5Gl＝（51，β1），・・・，C．＝（5ガ，〟ヵ）げ   

（1）5＝51＋52＋…＋5ガ（威力血J制桝（〆ふ蝕）〃弗d   

（2）β（∫）＝〟i（∫），紺ゐβrg∫∈5ト  

仲b虎托∂fg減ざ邸桝g砂Cl＋…＋Cガ．  

De丘nition3．11．A邸桝βC＝（5，〟）ねcdねd〃ね（k止矧転作♪和め抑  

〆花卯桝g5 Gl＝（51，β1），・‥，C＃＝（5h，仇）げ   

（1）5＝51×・‥×5”α〝d  

8）See Lemma3，5．   



GRUNDY FuN（】TtONB＾tVD LINE＾R G＾MES   

Il  （2）〟（∫）＝Ul∫1〉×・・・×（∫ト1〉×曲（勘）×†勘十1）×…×i∫け〉，  
i＝1  

紺カ〝g∫＝（∫1，…，∫〝）．   

I侮虎〝〃fg f鋸5邸椚β砂ClX…×Cか  

655  

Now，1etGE＝（SE，Pi）（i＝］，‥・，n）beanygames．Wedefineamapping  

廉姉SlX・・・×S”→L（Sl＋■■・＋S”）by¢（sl，…，S＃）＝Sl（D・・・⑳s＃・（Recallthat  

ふCOnSiderthatSL⊂Sl＋‥・＋Sn⊂L（Sl＋‥十S”）・）Thenitisclearthat  

癖！i¢isanisomorphismfromGlX…×C，tO L（Gl＋…＋G”）・Thus，aS  

療brollaryofTheorem3・9，WeObtainGrundy’stheorem・  

†蕎て 

Theorem3．12．（Gr〟〝dγ）上β′ C＝ClX‥・×Cガ ∂g ′カg G汀Jgぶf〃〝  

画加h〆乃g甜は・乃g舛ルr〃町5＝（∫1，‥・，∫〝）∈51×…×5〝，  

g（5）＝g（51）⑳・‥⑳g（5”）・  

▼  

§4．Linear Gam朗  

Throughout this§wefix alinear game G＝（S，P）．And wesuppse  

Hpis a subset of Map（S，S）which satisfies the condition（ⅠⅠ）of De負nition  

3．2．  

By the condition（II）（a）ofDefinition3．2，the set Tof allterminals  

of C formS a Subspaceof S．And the equivalence relationinduced by T  

（iie．s2tiff s⑳t∈T）is a compatiblerelation on G．Thenitis clear  

that the quotient game G／Tis also alinear game and has only one  

t占rminalO．Remark that this also meansthatif 呵s）＝E（t）then s＝t．  

Ouraimin this §is to show thatgGis alinear map・（See Theorem  

4L5・）To this end we have only to show that gG／Tislinear sinceif we  

denote the canonicalmapping from S to S／T by7T then g6＝gGITO7r■  

SQ，in this§，We aSSume G has only one terminal0．  

De£nition4．1．A押gJg桝g乃f ぶ∈5 ねc〃JJgdざi椚♪Jβげノbr 〃，り f∈5  

d上方〝月（∫）⊂」町f）〃r月（5）∩月（り＝¢■  

A，IgJg椚g畑 5∈5 f∫ Cα肋d c〃桝♪肋〃Jgd ゲ ノ彿 〃，伊 ざf〝ゆJg f，  

ガ（5）∩月（f）＝¢．  

It can be easily verified that the set C of allthe complicated ele－   
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mentsis asubspace of S．Let M be the subspace of S spanned by all  

Simple elements．  

hⅦ皿仙4．2．5＝〟⑬C．  

Proqfl（1）Suppose SeMnC．Then H（s）nH（s）＝臥．Hence s＝0，  

thatis，〟nC＝i0〉．   

（2）Take any s∈S・Let V＝iv∈SIH（s）⊃H（v），t，is simple†．  

Then Visfinite since H（s）is負nite and H（v）＝H（v′）implies t）＝V′．Let  

E＝∑⑳V．Then H（t）＝UH（v）（disjoint union）．Let tL＝S⑬t．Then，  
p∈y p∈y  

Since H（s）⊃H（t），H（71）＝H（s）－H（t）．1iwesuppse tlisnotcomplicated，  

then thereis a simple w such that E（u）nH（w）≠¢．It follows that  

H（s）nH（w）≠¢．Sincewissimple，thismeanSH（s）⊃B（w）．Hencew∈rl  

Since H（t）＝UH（v），H（t）⊃H（w）．Then LK7L）nH（t）⊃LKtt）nB（w）≠＠．  
が∈y  

This contradicts the fact that H（zL）＝H（s）－H（t）．Therefore tL∈C．Thus  

∫＝J⑳払for some f∈〟andひ∈C．  

bmm且4．3．C＝（0†．  

E＞oqf Suppose C≠（0）．Then S－M≠臥 Since Gis progressively  

finite，thereissomesl∈S－Msuchthatp（sl）⊂鳳 Letsl＝ml（Dcl，Where  

ml∈Mand cl∈C．Then H（sl）＝H（Tnl）∪都cl）（disjoint）．Let h t光any  

elementinB（cl）．Thenh∈疎sl）．Hence，h（cl）＝h（sl⑳ml）＝h（sl）⑳1nl∈M  

Thus we haveJL（cl）⊂M．ByLemma4．2，Clis not simple・So，there  

existsい≡S suchthat H（cl）¢H（t）and B（cl）nLKt）≠¢．Let E＝Tn2⑳c2，  

Where Tn2∈M and c2∈C．Then E（cl）¢」耶c2）and B（cl）nB（c2）≠Q．  

Take h∈H（cl）nH（c2），andlet s＝h（cl）（∈M）．Then h（c2）＝S⑳cl◎c2，  

Since h¢B（cl（Dc2）．Next，take h′∈H（cl）－H（c2），andlet s′＝h′（cl）  

（∈M）．1men h′（cl㊦c2）＝S′⑳c2．Hence，We Obtain the followingl00p．  

c2ト一言→£⑳el⑳c2一了→5⑳ざ′⑳c2「→∫′⑳cl⑳c2・了→c2   

This contradicts that Gis progressivelyfinite．  

bmm■4．4．TⅥβぶβJβ〆αJJ抽g㈲乃ZαO Sf刑♪JββJβ桝β癖i∫βあα5ね   

リ
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〆5．  

P＞0¢ ByLemmas4・2and4．3，B苧PanS S・We now show that B  
I  

i＄linearlyindependent．Letisl，…；sAl⊂B，andsuppse∑⑳SFO．Then  
鳥 I J二1  

H（∑⑳SE）＝U茸（sE）＝Q．Hence H（si）＝Qfor anyi，thatis，SFO for  
J三1  i＝1  

apy ．  

Foranys，J∈S，WeSayS appearSinLifsissimpleand H（s）⊂H（L）．  

Then，aS We have seeninLemma4．2，lis the sum of simple elements  

ap阿1ngln‘・  

The following theoremisaneXtenSion of Theorem3．9．  

Theort！m4・．5．TゐβGr〟乃み／お乃CJわ花〃〝〃り・Jわ紺〃r邸桝gねαJi〃g〃r  

Pro〆In§3，We defined anisomorphism from G to L（G）．（See the  

益cussionwhichfollowsTheorem3．4）．Wedenotethisisomorphismby p．  

e de負ne alinear map ¢：L（S）→S as follows：Any s∈L（S）is of the  

s＝P（sl）0・・・Op（sA），Where sl，・・・，S鳥 arein S．We define4・（s）＝  

⑳・”Osk．Then¢is well・defined since p（s）is a basis of L（S）．  

Let us de丘ne an equivalence relation…On L（S）by the condition  

at s…Liff¢（s）＝¢（l）．We now show that…is asemicompatible rela・  

ion on L（G）．Suppose s＝P（sl）⑳‥・eP（s所）andl＝P（El）⑳・・・㊦p（L．）are  

h L（S），and¢（s）＝¢（L）．Take any h∈H（s）．Then h∈H（p（sL））for a  

nique sE・Since pis anisomorphism，thereis a unique見∈H（sE）such  

さ二十that h（p（sE））＝P（h（si））．For this h thereis a unique simple u∈Ssuch  

that亮∈H（zL）．Clear）y，ZL appearSin si．Henceh（s）＝S⑳p（sE）⑳h（p（sL））＝  

g⑳甲（勘）⑳グ（点（勘））＝ぶ⑳甲（勘）⑳甲（∫J⑳払㊦克（払））．Thus¢（ゐ（ぶ））＝¢（ぶ）⑳払㊦見（払）．  

Here we have two cases．   

（Casel）Thecase where zL appearSin somelj（j＝1，・・・，n）：In this  

CaSe，We Can Show，Similarly as above，that ¢（h（l））＝¢（L）OzLO見（zL）．  

Since¢（s）＝¢（l），We have¢（h（s））＝¢（h（l））．   

（Case2）Otherwise zL does not ap匹arin anylj（j＝1，・・・，n）・Since  

¢（s）＝¢（E），this means that zL appearS eVen number of timesin S；s  

（j＝1，・・・，m）・HencezLmuStappearinsome sA OtherthansE・Thenthere   
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exists h′∈H（q7（sA））such that h’（q，（sh））＝q，（鳥（s鳥））．Itis easy to see that  

h′is alsoin H（h（s））．So，h′（h（s））＝S⑳p（si）任ゆ（sE⑳zL⑳h（tL））Oq，（sh）Oq，  

（sh⑳zL⑳h（zL））．Hence¢（h’（h（s）））＝¢（s）．  

The results of both cases mean that …．is a semicompatible relation  

On G・Now，We Can Showthat gGislinear・Letsandlbeanyelements  

inS・Then，Since pis anisomorphism，gG（s⑳l）＝gL（G）（q，（sOl））・Obvi－  

OuSly，q，（s⑳l）…q，（s）任痺（l）．Hence，・by Lemma 2．4 and Theorem 3．9，  

g叫G）（グ（5⑳f））＝gエ（G）（グ（5）任ゆ（∫））＝g叫G）（グ（5））⑳g小G）（グ（f））＝郎（5）⑳郎（f）・  

This completes our proof．  

Cor011ary4・6・P（C）ねαg〟∂坤αCg〆且  
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