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MetaML-style multi-stage programming (MSP) supports quasi-quotation-based code generation, runtime
execution of generated code, and cross-stage persistence (CSP). However, its interaction with computational
effects is subtle: mutable state can cause scope extrusion, where generated code escapes the scope of variables
on which it depends.

This paper presents a type system for MetaML-style MSP with mutable state that statically rules out
harmful scope extrusion while supporting multi-level code generation, runtime execution, and a variant of
CSP. Our system builds on refined environment classifiers (RECs), a discipline that annotates code types with
the variable scopes on which generated code depends. To scale RECs to the MetaML-style setting, we refine
classifiers so that they track not only variable scopes, but also the scopes of classifiers themselves. Further, we
integrated polymorphism over classifiers, enabling more general and reusable code generation patterns in a
multi-level setting.

For the resulting system, we define an operational semantics via a definitional interpreter and prove type
soundness and safety of offline code generation, showing that generated code can be extracted as standalone
well-typed programs. We provide working implementations and mechanized proofs in Rocq.
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1 Introduction

Multi-stage programming (MSP) allows programmers to write programs that generate and execute
code fragments as first-class values. In particular, MetaML-style MSP [20, 38, 39, 42] introduced
quasi-quotation syntax for code generation and the run primitive for execution, together with
cross-stage persistence (CSP), which allows variables to be used at later stages. MetaML-style
MSP provides a simple and intuitive programming model and is employed in real programming
languages such as MetaOCaml [17, 18] and Scala 3 [35].

However, designing type systems for MetaML-style MSP has long been a central challenge for
this approach. In particular, typing disciplines in the presence of runtime execution are already
nontrivial [17, 23, 38, 40]. Moreover, the interaction between code generation and computational
effects is subtle because it can cause scope extrusion, in which generated code may contain variables
that are not in scope at the point of execution. At present, even semantic reasoning about effectful
code generation remains an active area of research, and there is no agreed-upon typing discipline
that can statically detect harmful scope extrusion [4, 19, 20, 22, 31].

Recently, a novel typing discipline called refined environment classifiers (RECs) was proposed for
effectful code generation while preventing harmful scope extrusion [14, 19, 20, 28]. RECs annotate
code types with information about the variable scopes on which generated code depends, ensuring
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that generated code fragments are well-scoped. While early proposals targeted combinator-based
code generation, Lee et al. [20] designed a type system for MetaML-style MSP. However, their type
system is limited to two-level staging and does not support runtime execution nor CSP.

Indeed, the original RECs discipline is inadequate for multi-level staging. As we show in Sec-
tion 2.3, it does not account for how to track variables that occur under nested quotations. Supporting
multi-level code generation therefore requires a further refinement of the typing discipline.

Our contribution. In this paper, we present a novel typing discipline for MetaML-style MSP with
mutable state that statically detects harmful scope extrusion. We extend the RECs approach from
earlier two-level settings to a MetaML-style setting with multi-level code generation, runtime
execution, and scoped CSP.

The main technical refinement is that classifiers no longer track only variable scope dependencies.
In a multi-level setting, the type system must also track the scopes of classifiers themselves. This
additional scoping information enables the REC approach to scale to nested code generation, and
leads to our typing discipline of refined’ environment classifiers (R2ECs).

The system also integrates polymorphic classifiers, which substantially increase its flexibility
by enabling general and reusable code generators. Prior work on RECs discussed this idea only
informally; we provide, to the best of our knowledge, the first formal treatment of polymorphic
classifiers for REC-based typing and extend it to the multi-level setting of MetaML-style MSP.

For the full resulting calculus, we prove key metatheoretic properties, including type soundness
and the safety of offline code generation. The proofs are mechanized in the Rocq proof assistant.

Structure of the paper. First, Section 2 presents an informal overview of our approach to safe,
effectful multi-stage programming through a series of examples. Section 3 gives a formal definition
of our surface language and type system, introducing the central ideas of our typing discipline with
R2ECs. We present polymorphic classifiers separately in Section 4, providing the idea and formal
definitions for polymorphic classifiers. Section 5 defines the operational semantics of our language
via a definitional interpreter. Section 6 introduces runtime typing, which we use in Section 7 to
prove metatheoretic properties such as type soundness and the safety of offline code generation.
Finally, Section 8 discusses related work, and Section 9 concludes with future directions.

2 Informal Description

This section provides an informal overview of our approach to safe, effectful multi-stage program-
ming. We begin with an operational account of untyped MetaML-style staging through a series of
examples. These examples illustrate both well-behaved programs and ill-scoped ones that lead to
scoping errors, such as scope extrusion, particularly in the presence of mutable state. They highlight
the need for a static discipline that can distinguish harmless from harmful uses of free variables
in generated code. We then outline how R2ECs provide such a discipline, enabling expressive
multi-level staging while preventing the generation of ill-scoped code.

Implementation and Web Demo. We provide a full implementation of the surface type system and
definitional interpreter as an interactive web demo for editing, type checking, and evaluating the
paper’s examples and additional programs. The source code and container images are distributed
as a reproducible artifact. OpenAlI Codex with GPT-5.5 and Google Antigravity with Gemini 3.1
Pro were used extensively to develop the core implementation and browser interface, respectively.
The authors reviewed, corrected, and tested the generated code and take full responsibility for the
result.
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2.1 MetaML-style MSP by Example

We start with an informal presentation of MetaML-style multi-stage programming in an untyped
setting. We first illustrate well-behaved programs that demonstrate the intended behavior of staging
constructs. We then present examples that exhibit scoping errors, motivating the need for a typing
discipline that enables their static detection.

Quasi-Quotation-Based Code Generation. As a standard example of multi-stage programming, we
consider specializing the exponentiation function pow. The function pow takes two arguments n and
x and computes the value x":

let rec pow n x = if n == @ then 1 else x * pow (n-1) x

It is often beneficial to specialize pow with respect to n when we know n in advance. We therefore
define spow, a specialized variant of pow: given an integer n, it generates code for a function that
computes x" without recursive function calls or branching.

let spow n = < fun x — $( let rec loop m = if m == @ then < 1 >
else if m == 1 then < x >
else < x * $(loop (m-1)) > in
loop n ) > in
(* spow 10 generates < fun x — X * X * ... * X > %)
let powl1@ = run (spow 10) in powl1@ 2 (* => 1024 x)

This definition illustrates quasi-quotation-based code generation. Quotation < e > constructs a
code fragment representing the expression e, while splicing $e inserts a previously generated code
fragment into a larger one. In spow, the auxiliary function loop builds code for the body of the power
function by recursion on n. Thus, spow 10 produces code equivalent to a function that multiplies its
argument by itself ten times. We can execute the generated code at runtime using the primitive run.
We apply run to the code generated by spow 10 to obtain an executable function. We then execute
pow1@ 2 to compute 2!° with optimized code.

Thus, MetaML-style MSP performs specialization by constructing code values via quotation,
composing them via splicing, and executing them via run. We can also emit the content of generated
code for later execution: this is called offline code generation.

Cross-Stage Persistence. Let us optimize the code generated by spow by introducing an auxiliary
function sqr, which squares its argument. Using sqr, the generated code can reuse common
subcomputations and avoid repeated multiplications.

let sgr x = x * x in
let spow n = < fun x — $( let rec loop m =
if m == 0 then < 1 >
else if m == 1 then < x >
else if m % 2 == @ then < sqr $( loop (m/2) ) >
else < x * $( loop (m-1) ) > in
loop n ) > in
(*x spow 10 generates < fun x — sqr(x * sqr(sqr(x))) > *)
let pow1@ = run (spow 10) in powl1@ 2 (* => 1024 *)

In this program, sqr is defined during code generation while being used inside a quotation. Such
pattern is common in MetaML-style MSP and is called cross-stage persistence (CSP) [13, 38, 39]. The
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gap in stages does not pose a problem because the code fragment containing sqr is executed by
run: sqr is resolved in the runtime environment at the execution point, where sqr is defined.

Our language differs from the original MetaML in both the implementation and capabilities of
CSP. In particular, CSP is restricted to the scope of persisting variables such as sqr, so we call it
scoped CSP. We return to this point in Sections 3, 5 and 8.

Code Generation with Mutable State. We can also use mutable state during code generation. In
the following example, spow constructs the body of the function by storing an intermediate code
fragment in a reference and updating it iteratively.

let spow n = < fun x — $( let r = ref <1 > in
let rec loop m = if m == @ then ()
else let c = deref r in
r :=<xx $c >; loop (m-1) in
loop n; deref r ) > in
let pow1®@ = run (spow 10) in powl1@ 2

Here, the reference r stores a code fragment that is repeatedly extended during generation. This
program is well-behaved, but in general, storing open code in mutable state can lead to scope
extrusion, as we will see shortly. While mutable state is not essential in this example, there are
staged programming patterns where it is inherently valuable, such as assertion insertion [15, 19].

Scoping Errors. Allowing code fragments with free variables introduces the possibility of scoping
errors, where generated code refers to variables that are not available at the point of execution. We
present several examples illustrating how such errors arise.

The first example demonstrates ill-staged runtime execution.

< fun x — $( run < x > ) > (% error: undefined variable x *)

In this example, the code fragment < x > refers to the variable x, which is bound in a future stage
inside the quotation. Hence, run < x > fails to resolve x, leading to a runtime error.

Another example is scope extrusion, which illustrates the problematic interaction between code
generation and mutable state.

let r = ref <1 > in
<fun x — $( r :=< x> <x>) > deref r (* returns < x > %)

Here, a code fragment with x is stored in the reference r during code generation. The reference
itself is allocated outside the scope of x, and therefore outlives the binding of x. As a result, the
code < x > escapes its lexical scope and can be retrieved later via deref r, even though no binding
for x is available.

This example highlights the subtle interaction between code generation and mutable state: code
fragments may be stored and later used outside the scope of the variables they depend on. The static
detection of such interactions is known to be nontrivial and has long been studied [4, 16, 19, 22, 31].

2.2 Tracking Scopes via Refined Environment Classifiers

To prevent the scoping errors presented in the previous section, we introduce a typing discipline
based on refined environment classifiers (RECs) [14, 19, 20, 28]. The purpose of RECs is to statically
track the variable scopes on which generated code fragments depend. Here, we follow the presen-
tation style of Lee et al. [20] to explain the basic idea of RECs. We illustrate the basic idea of RECs
using the spow example. We annotate the program with types and classifiers.
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let spow (n:int): <int—int@!> = <' fun x” — $( let rec loop (m:int): <int@y,> =
if m == @ then < 1 >
else if m == 1 then <7 x >
else <7 x x $(loop (m-1)) > in
loop n) > in ...

The binding for x is annotated with the classifier y;, which represents the scope in which x is
valid. The brown color indicates that the classifier is newly introduced. We also use a distinguished
classifier ! for the top-level scope, where no local variables are available.

A code type records both the type of a code fragment and the classifier representing the scope
on which the fragment may depend. For example, the return type of loop is the code type <int@y;>.
This indicates that the generated code has type int and may depend on the scope represented by y;.
Consequently, x may occur free in the generated code, whereas no other variables may occur free.

A quotation switches the current scope to an existing classifier; for instance, <** x > switches to
11, allowing x to be used inside the quotation. A splice escapes back from the quotation and moves
to the scope of the past stage.

Classifiers allow us to detect potential scope extrusion. For example, consider the following
annotated version of the scope extrusion example:

let r?:<int@!> ref = ref <' 1 > in

deref r error: <int@s;> cannot be assigned to <int@!> ref

In this case, the type for mutable state is <int@!> ref, clarifying the scope of code fragments that
can be safely assigned to it. When we try to assign <% x > at line 2, we get a type error because its
type <int@§,;> is inconsistent with the type of the mutable state <inte!> ref.

We impose a partial order < on classifiers to reflect the nesting structure of scopes: §; < &,
means that the scope J; is located within the scope §;. In the spow example, we have ! < y;
because scope y; is nested within the top-level scope !. We use classifiers to track variable scopes
of quasi-quotation-based code generation.

2.3 Further Refining RECs for MetaML-style MSP

We apply the RECs discipline to full-fledged MetaML-style MSP, including multi-level staging,
runtime execution, and cross-stage persistence. This requires refining the original RECs discipline
by elaborating the notion of variable scope. We call the resulting discipline refined’ environment
classifiers (R2ECs). In this section, we explain the motivation for these refinements and illustrate
them through examples. We also show that they make it possible to type runtime execution with
cross-stage persistence, which is not supported by the original RECs discipline.

Subtleties of Classifiers in Multi-Level Staging. Classifiers track variable scopes in the RECs discipline,
but things become more subtle in multi-level settings. Consider the following multi-level program:

let r = ref <1 > in
<<funx—>$$(r:=<1ety=<x>in10>;®<<x>>)>>;
deref r

This program generates the code fragment < let y = < x > in 10 > by assigning it to mutable
state at (D and retrieving it later. In this fragment, the variable x appears in a nested quotation
and escapes its scope. We expect such programs to be rejected, but this is not easy to detect with
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the discipline developed so far. Let us try annotating the program with classifiers. In multi-stage
settings, all stages carry classifier annotations.

let r”:<int@!> ref = ref <' 1 > in
<'<! fun x%:int — $$( r := <' let y%:<int@s> = <% x > in 10 >; <'<% x >> ) >>;
deref r

At first, this program appears well-typed. The code fragment <% x >at (D correctly records its
dependence on scope §;, but this information is not reflected in the typing of the surrounding
quotation. As a result, the whole quotation is assigned the type <int@!>, which no longer mentions
8. Consequently, when typing the whole let binding, the type system cannot detect that x may
escape its scope. We argue that the problem lies in the classifier annotation on the quotation at (.
This quotation is nested under the top-level scope !, which should have no knowledge of any other
scope. Hence, using §; in the nested quotation appears illegal.

Scoping Structure Formed by Classifiers. The previous example illustrates that the type system must
precisely track not only where variables may be used, but also where classifiers may be used. Thus,
in addition to ordinary variable scopes, we consider the scopes of classifiers themselves.

Although classifiers represent both kinds of scopes, we distinguish the relations they induce.
We call the ordinary variable-scope relation < reachability: y; < y, (read “y; is reachable from y,”)
means that variables bound under y; may be used under y,. We call the classifier-scope relation
C wisibility: y1 C y, (read “y; is visible to y,”) means that the classifier y; may be used under ,.
Here, using a classifier y; under a classifier y, means introducing, in a context annotated with y,, a
quotation annotated with y;, as in 72 < .. .>. Both relations behaves as partial orders.

We illustrate the scoping structure induced by variables and classifiers below.

n3r/ncr Nn3y/ncy 1Sy
(1) 7 fun x¥ — ... (2) <y L $(5L.L ) > (3) 7$(”=... ) >

(1) When a variable x is bound, a fresh classifier y, is introduced to represent its scope. This
scope is nested within the surrounding scope y; as an ordinary variable scope, and hence
Y1 = 2 holds. The same nesting also makes the surrounding classifier available inside the
new scope; therefore, y; C y, holds as well.

(2) A splice introduces a fresh classifier y3 for the splice body. Since the splice escapes from the
quotation back to the same stage as y;, variables available under y; should also be available
under ys. Thus, y; < y3 holds. For the same reason, the classifier y; is available under y3, so
Y1 C ys also holds.

(3) A splice induces another visibility relation. In the figure, this gives y; C y2, meaning that y;
can be used under y,. This is necessary, for example, when typing <fun x — $(<x>)>: the
splice body constructs the quotation <x>, whose classifier is the scope of x. However, this is
only a visibility relation. It does not make variables from y; available inside the splice body,
so y1 = y2 does not hold.

Tracking Variables in Nested Quotations via Classifier Scopes. We now revisit the previous example
and show how R2ECs detect its scoping error.

1 let r”:<int@!> ref = ref <' 1 > in

2 <'<' fun x%:int — $7$( r := <_’®1et y % :<int@d;>=<%x > in 10 >; <'<%x >>)>>;
3 deref r error: §; is not visible to !
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The program contains a nested quotation annotated with §;. However, this quotation appears
inside the top-level quotation marked (O, where & is not visible to !. This use of §; is therefore
rejected by our scoping discipline. One might try to repair this visibility error by changing the
annotation of the surrounding quotation:

let r?:<int@!> ref = ref <' 1 > in
<'<! fun x%:int > $72$(Vr := <@ let y62:<int@51>:<51@x > in 10 >; <72<%ix >>)>>;

deref r error: <int@y,> cannot be assigned to <inte@!> ref

Here, the classifier of the surrounding quotation is changed from ! to y, in D. This use of y,
is well-scoped because y, C y3; holds. Then the use of &, in @ is well-scoped because §; C y,
holds. However, the assignment is now rejected instead: the mutable cell has type <int@!> ref,
whereas the assigned code fragment has type <int@y,>. The two types record incompatible scoping
information. Thus, the type checker detects the potential scope extrusion even when the escaping
variable occurs inside a nested quotation. The key point is that classifiers now track the scopes of
nested quotations through the visibility relation C.

Tracking Scopes across Stages. We now show that the scoping discipline illustrated so far naturally
extends to runtime execution with CSP. In such settings, classifiers introduced at one stage may be
used at later stages, because run checks generated code against the current lexical scope. Interest-
ingly, we do not need any additional machinery to support this cross-stage tracking of variable
scopes: the notion of visibility already captures the structure needed to track scopes across stages.
Let us consider an annotated version of the spow example with sqr:

let sgr?” (x¥2:int) : int = x * x in
let spow? (n¥:int) :<int—int@y;> = <N fun x%:int —» ... > in

let pow1@?* = run_ (spow 102® in powl10 2

At (D, the body of the function spow introduces a quote to switch the scope from y, to y;, which
is the scope for sqr at the code-generation stage. Such a scope transition is allowed because the
visibility relation y; C y4 arises from the reachability relation y; < y4. At @), run (spow 10) occurs
in scope y3, and the classifier ordering y; < y; holds. Therefore, the generated code is well scoped,
since all free variables of the code fragment remain available in the lexical environment at the
execution point. Thus, the program type-checks, and run is safely applied to code with CSP.

We can also detect scoping errors in the ill-staged execution example:

<' fun x”:int — $(” run <Y x > ) > error: cannot run code with <int@y;> at y,

Here, run attempts to execute a code fragment that is valid only under classifier y;. However, run
occurs at the scope y,;, where y; < y; does not hold. Consequently, the type system rejects this
program due to inconsistency in scoping information.

Summary. R2ECs refine the scoping discipline of RECs by managing both variable scopes and
classifier scopes. This refinement allows the type system to detect scope extrusion even when
it occurs through nested quotations, thereby establishing static scope safety for MetaML-style
multi-stage programming. Furthermore, R2ECs naturally capture the structure needed to track
scopes across stages, enabling the type system to support cross-stage persistence without additional
machinery.
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3 Surface Language and Typing

In this section, we introduce the typing discipline based on R2ECs by defining a surface type system
for our multi-stage language. As its name suggests, it types only surface expressions. We later
define runtime objects in Section 5, and then introduce a runtime type system that accounts for
them in Section 6.

The syntactic categories of the surface type system are defined as follows. We have a set of
integers Int, ranged over by n, and a set of variables Var, ranged over by x, y,.... We also have a
set of classifiers, ranged over by y, d, . . .. We reserve a special classifier ! to represent the top-level
scope, which we call the initial classifier. We write variables and classifiers in brown when they are
binders or newly introduced.

Surface Expression

Expression ek e Expk

n| x| Ax. e | eke* | (eF1) | $1{e*~¥'} (where k > ')
| rec f(x). e | ref (¢¥) | eF == e,* | deref(er)
Type-Level Object

Classifier Stack B4 = e|7Y,8

Base Type L = int]...
Type AB == 1|A—> B|(AY | Aref
Typing Context T = | T,xYA|T,»Y|T, <Z

For the surface expression, we follow Taha [37] in stratifying expressions into stages, where ek

denotes an expression at stage k. The stage level k is a non-negative integer that indicates the level
of staging: k = 0 corresponds to the code-generating level, while higher values of k correspond to
deeper levels inside quotations. We omit the stage annotation and simply write e when it does not
matter for the discussion. It is easy to verify the following property of expressions:

Lemma 1. Expht C Exp® if k; < k.

The syntax of expressions includes integers, variables, functions, applications, quotations, and
splices, as well as recursive functions and mutable-state operations. The intended behavior of these
constructs is described informally in Section 2.1. Note that we unify the syntax of runtime execution
and splicing: $o{e} represents runtime execution of e, while $;{e} represents a splice. For k > 1,
$x{e} represents a generalized form of splicing that embeds code fragments into deeper stages; we
call this a deep splice. In the rest of the paper, we use the term splice for the construct $;{e} at any
k. We do not include primitive operations in the syntax, but they can be added without affecting
the core ideas of our type system.

Note that expressions do not include type-level objects such as classifiers or types. As we will
see in Section 5, the dynamic semantics of our language is defined independently of the typing
discipline.

We next define the type-level objects. A classifier stack y tracks classifiers at each stage, where
the rightmost classifier corresponds to the current stage. In particular, we write 7 * to denote a
non-empty classifier stack. Types include base types, function types, and code types. A code type
(A)Y represents a code fragment of type A that is valid under classifier y. The structure of typing
contexts is more complex than that of traditional typed lambda calculi. We provide details shortly
below. Dom¢ (T') returns the set of classifiers declared by the context I', and FC(A) returns the set
of classifiers that occur freely in the type A.

3.1 Type-level Judgments

We have four type-level judgments, defined in a mutually recursive manner:
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‘Tl—7+ waI‘l—7+ Awf

WF-Ctx-Emp WF-Ctx-Var WEF-Ctx-»
THivwf Tz Awf  vs € Dome(l)  rpiiewf TrysCp
e+ wf S >
[, x:3 AR wf T, pB3pyereys wf
WE-Ctx-< WE-T-()
T 1700 wf  y2 ¢ Domce(T) L3 A wf
T, 420 wf TR (A wE

Tryn 2y H I'tyi Sy ‘ Assuming that T' is well-formed.

=<-Refl =<-Trans <-Var <-<
y€Domc(M) U{ Try=y Trpzp I+ wf Ty H00000k Wi >
Try=y Trn=ys LLxBAL Ry 23 O,< T F& =2y,
C-Lift C-Trans C-<
Ty 2y Feypncyr Trrcn I For wE
F|-y1<;y2 rl-)/lg}/s

T1,<£3,l"2 FY2Cvys

Fig. 1. Curated rules for type-level judgments in surface typing.

Table 2. Context Elements and Their Induced Structure

Context Corresponding  Effect on Classifier Stack Constraints ~ Constraints
Element Form (before) —  (after) Introduced Required
= =
xVA Ax. ... 61,02 - 1y 8 2y
- -
>V ) 51,6, = 81,6,y ycé
v — —
< $i{-- -} 8,0p,..,0k — S,y Sy dCy

Well-formed Contexts T 7~ wf : the context I' is well-formed with T
Well-formed Types I' F7" Awf : the type A is well-formed under T’ with ' *.
Reachability T +- y; <y, : y; is reachable from 5.

Visibility I' - y; C s @ y; is visible to y».

See Section 2.3 for the informal meaning of < and C. Derivation rules are given in Figure 1. We begin
with a description of the well-formedness of typing contexts, along with the structure of contexts
themselves. A typing context reflects the structure of the surrounding program: x:¥ A corresponds
to a variable binding, »¥ corresponds to a quotation, and ‘it corresponds to splices (when k > 1)

or runtime execution (when k = 0). A typing context provides three kinds of information:

(1) The mapping of variables, types and classifiers, which are provided by the item x:" A.
(2) The current classifiers at each stage, provided by a classifier stack.
(3) Birelational structure over classifiers with < and C.

The information in (1) is already provided in standard typed lambda-calculi. The remaining two
points are less immediate. We discuss (2) next, and return to (3) when introducing the reachabil-
ity/visibility judgments. Table 2 summarizes the structure induced by each context element; the
corresponding constraints are formalized by the context well-formedness and reachability/visibility
judgments.
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T-Int T-Var
7 wf [ 712 wf  lookup (T, x) =Done (A,y3) Trys =<y,
T+7 n:int TR x: A
T-Func T-Ref
T,xV1 A PN e Ay 11 € FC(A)) T v we T’ e: A
[ B Jx. e: A; — A, T+ ref (e) : Aref
T-Quo T-Splice
L.en HE e A L, ‘)t] HN e (Ar [ 3000k wf  Thys 26 IR ?:
T HEY (e) : (AN T R0k e} : A

Fig. 2. Curated rules for the expression typing judgment T F7 e A, from surface typing.

A well-formed context judgment I’ 7" wf states that the context I' is well-formed and classifiers
at each stage are given by the classifier stack 7*. We can confirm that the classifier stack in a
well-formed context is unique:

Lemma 2. If T FV° wf and T+ wi, then 71+ =73+

In this sense, the information in the classifier stack is already included in the context itself.

We review each rule for well-formed contexts in Figure 1. WF-Ctx-Emp states that the empty
context is well-formed. It corresponds to a single stage with the initial classifier. WF-Ctx-Var states
that adding an item x:"* A requires that y; is fresh and that A is well-formed. This item also replaces
the classifier of the current stage with y;, thereby introducing a reachability relation y, < y3
(corresponding to=<-Var). Here, x does not have to be fresh and can shadow another variable in
I' with the same name. WF-Ctx-» states that entering a quotation with the classifier y; requires
that ys is visible from the current classifier y,. WF-Ctx-< pops k elements from the classifier stack:
this represents the effect of splicing that escapes k levels of quotations. It also introduces a new
classifier y, replacing &y, thereby introducing a reachability relation & =< y, (corresponding to <-<«)
and a visibility relation 8 C y; (corresponding to C-<).

The rules for well-formed types T’ F7" A wf are designed so that I' is well formed. These rules
are mostly standard and are therefore omitted. An exception is the rule for code types, WF-T-(): it
requires A to be well formed under T, » ', meaning that code types introduce the same scoping
structure as quotations. Here, the well-formedness of ', »¥* entails that y; is visible to the current
scope of T'.

Judgments for the reachability and visibility relations derive these relations from a well-formed
context, as described in table 2.

3.2 Expression Typing

We now turn to the typing rules for expressions, given by the judgment I F7" e: A This judgment
states that the expression e has the type A under the context I' and the classifier stack 7*. We
present important rules in Figure 2. T-Var states that a variable x can be used if its scope 3 is
reachable from the current scope y,. Note that we overload the function lookup so that it looks
up the type and classifier of x in the context I'; this function tries to find the closest binding for x
in T', and otherwise returns Fail. Due to this behavior of lookup, shadowed variables cannot be
used. T-Func gives the standard typing rule for functions, except for classifier annotations. The
side condition y; ¢ FC(A;) in T-Func states that the classifier y; of the parameter cannot appear
in the return type, which ensures that parameter variables in quoted code fragments do not escape
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their scope. T-Quo establishes a correspondence between the context element »¥* and quotation
syntax, introducing the code type (A)"'. Similarly, T-Splice establishes a correspondence between
the context element 4){1 and splice syntax, eliminating the code type (A)"?. The side condition
I' + y2 = &k ensures that the scope of the spliced code is consistent with the current scope. The
other side condition y; # y, ensures that use of y; in typing e does not escape its scope. Note that
¥1 ¢ FC(A) is not required because it is already guaranteed by the well-formedness of A. The rules
for mutable state are standard.

3.3 Typing Scoped Cross-Stage Persistence

We now discuss the subtlety of typing CSP in our type system. As we discussed in Section 2.1,
our type system allows scoped CSP, a form of CSP in which a code fragment containing runtime
variables can be safely evaluated at runtime. For example, the expression Ax. $o{(x)} is well-typed
in our type system:

xint, <2 (x) s (int) xintrp Xy pEn

T-Splice .
xV1int F1 $o{(x)} : int y1 ¢ FC(int)

T-Func

eF Ax. $o{(x)} : int — int
We next consider a slightly different expression, Ax. (x), which returns a code fragment containing
an occurrence of x without executing it. Traditional CSP accepts such an expression by embedding

the value of x into a code fragment. However, our type system rejects it because of the side condition
of T-Func:

Nt H (x) s (int)" yp ¢ FC({int)") does NOT hold
(Ax. (x) fails to type )
In this type derivation, T-Func requires the side condition y; ¢ FC({int)"*), which does not hold.
The question, then, is how this side condition is justified.

While traditional CSP is achieved by embedding values into code fragments, scoped CSP in our
language is achieved by deferring variable resolution until execution. In the expression Ax. $o{({x)},
the variable x is not resolved during code generation; instead, it is resolved when the code fragment
is executed. If we do not perform runtime execution, as in Ax. (x), then the code fragment (x) is
returned and escapes the scope of x. In Section 5, we formalize this intuition in the operational
semantics.

Assuming this behavior of scoped CSP, the side condition in T-Func effectively rejects programs
that may cause code fragments to escape their scope. In this sense, the typing discipline with R2ECs
has strong synergy with the semantics of scoped CSP, which is why we include scoped CSP in our
language design. We further discuss this design choice in Section 8.

T-Func cannot be applied

4 Polymorphic Classifiers

In this section, we extend our type system with polymorphic classifiers, which allow us to type
a wider range of staged programs in our language. In fact, this extension is essential for typing
realistic staged programs. We first present motivating examples and then give the formal definition
of the surface type system.

The idea of polymorphic classifiers already appears in the first paper on RECs [19], but that work
did not provide a formal treatment. Polymorphic classifiers were not easy to accommodate in earlier
RECs-based type systems and were not discussed in the subsequent work on RECs [14, 20, 28]. Our
contributions on polymorphic classifiers are twofold. First, we redesigned the RECs-based type
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system so that polymorphic classifiers can be integrated much more easily. Second, we show how
to accommodate polymorphic classifiers in a multi-level setting, thereby enabling more flexible
typing of multi-stage programs. In this section, we first explain the informal idea of polymorphic
classifiers and then give the formal definition of the corresponding surface type system.

4.1 Informal Description

Let us refactor the spow example with sqr by lifting the loop function to the top level for readability.

let sqr z = z * z in

let rec loop n yc = if n == @ then < 1 > else if n == 1 then yc
else if n%2 == @ then < sqr $(loop (n/2) yc) >
else < $yc * $(loop (n-1) yc) > in

let spow n = < fun x — $(loop n < x >) > in ...

Since loop is defined outside the scope of x, we add a new parameter yc. Then spow passes the code
fragment < x > as the argument yc, thereby injecting x into the code generated by loop. However,
this program is not typable in our current type system: we expect yc to have the code type <int@§;>,
where ¢ is the classifier for x, but d; is not in scope at the point where loop is defined. To type this
program, we introduce polymorphism over classifiers. (We omit unnecessary classifier annotations
for readability in the following examples)

let sqr” (z:int):int = z x z in
let rec loop [6; = ;17 (n:int) (yc:<int@d;> 5) : <int@H;> =
if n == @ then <% 1 > else if n == 1 then yc
else if n%2 == @ then ﬁ sqr 4 $(loop [6;] (n/2) yc) > else ... in
let spow (n:int): <int—int@;> = <’ fun x®:int — $(?*loop [5_2]@ n <%x>) > in ...

Here, [, := y;17* at O introduces a polymorphic classifier 5;, which is declared to satisfy y; < &;.
It also introduces a new scope y,, where J; is available. Hence, we can use the classifier §; in a type
such as <int@§;> at 2), and introduce a quotation with 6, at (3. At ®, we can use sqr because y;
is reachable from §;. As a result, the type of the loop function is [§; = y;1(int — <int@§> — <
int@s;>), and we can instantiate §; later.

At (®, loop [6,] instantiates the polymorphic classifier with ,. The type checker confirms that
8, satisfies two constraints. First, y; < J, is required by the declaration of §;. Second, §; should
be available at the current scope: namely, §; C ys is required, where y; is the classifier of the
current scope. Since both constraints are satisfied, this instantiation is valid, and loop [§,] has type
int — <int@§,> — <int@s,>, which can be used to generate code fragments that include x. Thus,
polymorphic classifiers allow us to name classifiers that are not available at the point of definition
and instantiate them at the point of use. This feature is particularly useful for defining reusable
code generators, which are often defined outside the scope of the variables they manipulate.

Since our language is a multi-level calculus, we can also introduce polymorphic classifiers for
multi-level code generation. For example, consider a function 1ift_code that takes a code fragment
and returns its code representation. Note that $2 is a deep splice, as explained in Section 3.

let lift_code? [§; == !, & = 1% (x: <int@§,>): <<int@§,>@s> = <% <& $2(x) > >
Its typeis [S1:=!, &2:=!] <int@S,> — <<int@§,>@S,>, where the classifiers §; and §; are introduced

simultaneously. This declaration introduces reachability ! < §; and ! < &,, and also introduces a
new scope with classifier §,, where §; C §y and §; € ; hold. These visibility constraints allow us
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to use a quotation with &, under §;. In this sense, the polymorphic classifier declaration [§;:=!, &,
:=1] differs from two separate declarations [§;:=!1[8,:=!], since the latter does not introduce the
relation &, C ;.

4.2 Introduction-Form Restriction

Polymorphic classifiers must be used carefully with mutable state: if they are used without restric-
tion, they can cause scope extrusion and lead to unsoundness. The core issue is that a polymorphic
classifier may be instantiated differently for the same mutable location, even though the location’s
contents are not themselves polymorphic. This mismatch between the instantiated classifier and
the actual classifier of the stored state leads to unsoundness. For example, the following program
exhibits this problem:

let r: [8:=!1](<int@s;> ref) = [81:=11% ref <% 1 > in
<! fun x?:int — $( r [yl 1= <V x >; <M x> ) >
deref (r [!1) (* results in < x > %)

To avoid this unsoundness, one approach is to apply the usual value restriction for polymorphic
types [41] to polymorphic classifiers, restricting their use to values that do not perform computation.
However, this restriction can be relaxed in certain cases.

let gen_add_1 [yg:z!,p:=!17 (x:<<int@y,>@y;>) :<<int@y,>@y> = <Y <72 $$x + 1 > > in
<' let f = [yu=!] fun (y:<int@y,>%):<int@y> — $(gen_add_1 [ys,ys] <Y5y>)® in ... >

Here, the function at @ is typed with polymorphic classifiers, but it is not a value: there is a
splice in the function body, yielding computation. Nevertheless, such computation in splices does
not cause unsoundness, as we confirm later. In order to allow such cases, we restrict the use
of polymorphic classifiers to introduction forms: polymorphic classifiers are only introduced to
functions, recursive functions and quotations, while computation is permitted in their bodies. We
give a formal definition of introduction forms in the next section.

4.3 Surface Typing

Based on the intuition from the examples above, we extend the syntax of the surface type system. We
extend type syntax with polymorphic classifier types, and extend typing contexts with polymorphic
classifier declarations. We also introduce a new syntactic category introduction forms. They are
defined as functions, recursive functions, and quotations. These introduction forms may still contain
computation via splices: for example, ($;{e;e;}) is a valid introduction form at level 0, in which
the splice evaluates the computation e e;.

Type AB = - |Vy1:=61,..., )k =0k A
Typing Context r s | Ty [y = 81y e e s Yi i Ok )10
Introduction Forms er Ax. €k | rec f(x). ek | (ek*1)

k

Derivation rules for the new type form and context form are presented in Figure 3. Table 3 summa-
rizes the induced structure of polymorphic classifiers, which is formally described in the derivation
rules. WF-Ctx-Polycls, X-Polycls, and C-Polycls describe relations between classifiers that are
declared or used in a polymorphic classifier declaration. Given a declaration [y, :=y], ..., vk =y ]
at y;, we have the following relations. <—— and <~~~ represent < and C, respectively.
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WF-Ctx-Polycls
Ledv wE  vi € Dome(TD)foro<i<k Tryl,, Cy/for0<i<k

Llyie=yove=y]” FOLY0 wf
WF-T-Polycls

Llymplecpez O HO0 AwE yg ¢ FC(A) T 4006 w

I 9% Yy e Ykez Y Awt

<-Polycls C-Polycls
0<i<k

Lo wf  0<i<k
Oolyiezyy vy ] kv Sy

N DI =D G o) S A LCR R A 7
T-Polycls
Lilyzynovezpl” FOLY0 ¢ A vo ¢ FC(4) T Lo wf

T oL ¢ Yy m v Yk iz YA
T-Appcls
’

Fl—‘m‘)e:V)/l:ty{,...,yk:tyk.A Fry/2difor1<i<k Tr6,C8for0<i<k

T 9% ¢ Alyr =61, ..., vk =]
Fig. 3. Surface typing for polymorphic classifiers.

<

When introducing a polymorphic classifier type, WF-T-Polycls requires the side condition y, ¢
FC(A), which safely hides y, from the type. The introduction rule, T-Polycls, applies only to
introduction forms: functions, recursive functions, and quotations, which may contain splices of
level-0 expressions. Eliminating polymorphic classifier types requires that the instantiated classifiers
satisfy the constraints declared by the polymorphic classifier type.

5 Operational Semantics

This section presents the operational semantics of our MetaML-style multi-level calculus, given as
a definitional interpreter. The runtime syntax and operational semantics are type-erased. Hence,
the typing information presented in Section 3 is used purely for static checking and does not affect
the runtime behavior of programs. Our operational semantics is characterized by three key design
choices.

Global name generation: Our semantics generates fresh names and reserves them to manage
variable names that appear in generated code. This approach is common in multi-stage languages
to avoid name conflicts in generated code fragments [6, 19, 22]. It is useful to model the behavior of

Table 3. The Induced Structure of Polymorphic Classifiers

Effect on Classifier Stack Constraints Constraints
(before) —  (after) Introduced Required
Vi2yi(0<i<k)
Yie1 Cyi (0<i<k)

Context Element

’ ’ - - ’ ’ ;
rzypore=rd™ sy = Sun Yin CVi (0<i<k)
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effectful code generation because it allows us to capture situations in which variables temporarily
escape their lexical scope while open code fragments are stored in a global store.

Semantics via a definitional interpreter: We formalize the semantics using a definitional
interpreter rather than a substitution-based reduction semantics. There are two main reasons for
this choice. First, globally reserved names make a-equivalence awkward in a substitution-based
reduction semantics. Our definitional interpreter instead deterministically renames binders, yielding
a simpler formalization without the need for a-equivalence. Second, the definitional interpreter
fits well with Siek’s three-easy-lemmas methodology [1, 34], which we use to structure the type
soundness proof in later sections.

Scoped CSP: Our semantics realizes scoped CSP, in which runtime execution of code fragments
respects lexical scoping. This design choice is motivated by the synergy between the semantics of
scoped CSP and our typing discipline with R2ECs, as discussed in Section 3.3. Section 5.3 provides
evaluation examples to illustrate how our semantics ensures lexical scoping by variable renaming.

5.1 Runtime Objects

We start by defining syntactic categories of runtime objects. We have a set of locations Loc, ranged
over by I. Locations represent pointers to mutable reference cells.

Value v € Val v= n|clos(ER,Ax. %) | clos (E, R, rec f(x). €°) | (¢°) | I
Reserved Names N € RN = ¢|N,x
Value Env. E €VEnv = ¢|Ex=v
Renaming EFnv. R €REnv := id|Rx:=y
Store S €Store = ¢|Sl=v

Values include integers, closures for both non-recursive and recursive functions, quoted code
fragments, and locations. Reserved names track the names generated during execution, ensuring
that fresh names can be generated without conflicts. Value environments map variables to values,
and stores model mutable state by mapping locations to values. Renaming environments are specific
to our multi-stage setting: they track variable renaming to avoid unintended name capture. id is
the identity renaming, which maps each variable to itself. We explain how these components work
through examples in Section 5.3.

5.2 Definitional Interpreter

We define the operational semantics of our language using a definitional interpreter, following the
style of Siek [34]. We use a pseudo-functional language similar to ML to write the interpreter. First,
we define an auxiliary type Result to represent the possible outcomes of evaluation.

type Result(r) := Timeout | Fail | Done(7)
Here, Timeout represents a timeout due to exceeding the step limit, Fail represents a runtime error
(e.g., an undefined variable or application of a non-function), and Done(r) represents a successful

outcome, yielding a value of type 7. We then introduce monadic notation to describe operations on
Result:

return(M) = Done(M)
X « M;; M, = match M; with
case Timeout = Timeout
case Fail = Fail
case Done(R) = [X = R|M,
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We next introduce auxiliary functions. For brevity, we omit the definitions of these functions here,
and provide their type signatures and brief descriptions:

lookup : VEnv — Var — Result(Val) (look up variable in value environment)
gensym : RN — Result(Var) (generate a fresh variable name)
rename : REnv — Var — Var (apply renaming)
alloc : Store — Result(Loc) (allocate a new location)
lookupStore : Store — Loc — Result(Val) (look up value at location)
updateStore : Store — Loc — Val — Result(Store) (update value at location)
toQuote : Val — Result(Exp®) (decompose value as quoted code)
toLocation : Val — Result(Loc) (decompose value as a location)

We are now ready to define the main evaluation functions, V™ and Yt which evaluate expres-
sions at runtime and within quotations, respectively. Their type signatures and curated definitions
are given in Figure 4. Both functions take a value environment, a renaming environment, reserved
names, a store, and a step limit to ensure termination. The results of these functions include reserved
names and a store, modeling the global effects of name generation and mutable state. V™" evaluates
expressions at stage 0 and returns a value. V" is a dependent function that takes an integer k
representing a staging level. It evaluates expressions at the future-stage level k + 1 and returns an
expression at the lower level k, indicating that evaluation for the top-level stage is complete. We
highlight key aspects of these definitions:

Runtime evaluator (V™)

e A variable (x) is first renamed and then looked up in the value environment.

e Function application (e, e,”) evaluates the function and argument, and then evaluates the
function body under appropriately extended environments. Instead of adding a mapping
directly from x to v,, we generate a fresh name y, add the mapping from y to v, to the
value environment, and add the mapping from x to y to the renaming environment. This is
necessary to ensure lexical scoping during runtime execution of code fragments with scoped
CSP, as illustrated by the examples in Section 5.3. For recursive functions, we also add a
binding for the function name to the environments.

e A quotation ({e;')) is evaluated by evaluating the inner expression ;! at the future stage via
Vfut and then returning the resulting expression e;° as a quoted code fragment.

e Runtime execution of generated code ($p{e;°}) involves evaluating e;° at runtime to obtain a
quoted code fragment, and then evaluating the expression inside it under the same runtime
environment. This allows evaluation of open code fragments that may contain free variables:
this is how we realize scoped CSP. Free variables in the code fragment have already been
renamed; hence, evaluation is performed under the identity renaming environment id to
avoid further renaming.

Future-stage evaluator (V)

o Avariable (x) is renamed and returned as an expression. This allows generated code fragments
to be well-scoped under future-stage bindings or runtime environments.

e For generation of a function (Ax. e"), a fresh name y is generated for the parameter, and x
in the body is renamed to y by extending the renaming environment. This ensures that the
generated code fragment does not contain duplicate binder names. After evaluating e*", the
reserved name y binds the occurrences of y in the generated code fragment e,*'. We then
construct the function 1y. e,*1, where the parameter y binds those same occurrences in the
body. At this point, the binding structure of e, is transferred from the reserved name to the
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V™ : Exp’ — VEnv — REnv — RN — Store — Int — Result(Val x RN x Store)

V(e E,R,N, S,0) = Timeout
V™ (x,E,R N, S, k™) = v « lookup (E, rename (R, x)); return (v, N, S)
V*(Ax. &, E,R, N, S, k*) =return (clos (E, R, Ax. &), N, S)
V(%" E,R, N, S, k*) = (vi, N, S;) « V(1% E.R N, S, k); (v2, N, S2) « V™ (e’, E,R, Ny, Sy, k);
match v; with
case clos (E', R, Ax. es°) =
y — gensym (N2); V™" (es”, (E',y = v2), (R, x := y), (N2, ), Sz, k)
case clos (E/, R, rec f(x). &°) =
g < gensym (Nz); y « gensym (N, g);
Ve’ (E.g=v,y=w),(R.f=g.x=Y),(N2.g. ¥),S2. k)
case = Fail
V*({(a'), E R N,S,k*) = (", N1, S1) « V™(0,¢;', E,R N, S, k); return ((&,°), N1, 51)
V™ ($o{e’},E.R, N, S, k%) = (v,N1,S1) « V" (e, E,R N, S, k);
e,° «— toQuote (v;); V™ (e’ E, id, Ny, Sy, k)
V®(ref (e°), E,R N, S, k*) = (v, N1, S1) «— V™ (e, E,R, N, S, k); I — alloc (S;); return (I, Ny, (S1,1:=v))

Vit (k:Int) — Expk+ — VEnv — REnv — RN — Store — Int — Result(Exp* x RN x Store)

Yt (g " E RN, S,0) = Timeout
V0 (K, x, E,R N, S, k;*) = return (rename (R, x), N, S)
VR (ky, Ax. 1 E,R N, S, k;*) = y « gensym (N);
(&M, N1, 81) e VI (ky, e E, (Rox = ), (N, ), S, k)
return (1y. "1, Ny, Sy)
VI (ky, (e172), E R NS, ) = (&7 Ny S e VI (ke E RN, S )
return((ezk1+>,N1,51)
V™ (ky, 8+ {e° L E.R N, S, k") = (v1,N1,S1) V™ (1%, E,R N, S, kz); €° — toQuote (v;);

return (e,°, N1, S;)  (Note that e,° € Expk1 by Lemma 1)

Fig. 4. Curated definitions of evaluator functions. k* is a shorthand for k + 1.

new binder. This transfer is in fact the most nontrivial part of the type soundness proof and
is captured later by Lemma 9.

o When splicing generated code from runtime level ($;,+{e;"}), the code is evaluated at runtime
via V", and the expression in the resulting quoted code fragment is returned. Here, the
returned expression e,° is a level-0 expression, but it can be safely treated as a level-k;
expression thanks to Lemma 1.

5.3 Evaluation Examples

We show several examples to illustrate how our semantics ensures lexical scoping for generated
code fragments by systematically renaming variables.

Example 1: Hygienic Code Generation. Let us consider the following program:

1 <funx®—>$(1ety=<x>@in<funx@eﬂ@>)>
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This example generates a code fragment < x > and splices it under another binding for x (let is
syntactic sugar for a function and an application). Without renaming, this program would result
in< fun x — fun x — x >, where the use of x is captured by the inner binding, which violates
lexical scoping. Our semantics avoids this by systematic renaming with gensym and renaming
environments. We highlight the evaluation steps for each underlined part of the code:

@® Evaluating the outer fun x generates a fresh name, say x;, for x, and adds x = x; to the
renaming environment.

® Evaluating < x > then renames x to x; and returns < x1 >.

® Evaluating the inner fun x generates another fresh name, say x;, and adds x := x, to the
renaming environment.

@ Splicing y embeds < x1 > directly. Since it is already a value, no further renaming is performed,
and x1 correctly refers to the outer binding.

As a result, the final outcome of evaluating this program is < fun x1 — fun x2 — x1 >, where
the use of x1 is correctly captured by the outer binding.

Example 2: Scoped CSP with Lexical Scoping. We consider another staged program that executes a
code fragment with scoped CSP.

let x =1 in
let run_ungger_x_m code = let x = 10© in run code@ in
run_under_x_10 < x >@

In this example, we generate a code fragment < x > that contains a free variable x and execute
it under another binding of x. Without renaming, run_under_x_10 < x > would execute the code
fragment under the inner binding x = 10, yielding 10 instead of 1. Our semantics preserves
lexical scoping by systematic renaming and thereby prevents dynamic capture of free variables.
Consequently, evaluating this program yields 1. We highlight the evaluation steps corresponding
to each underlined part of the program:

©) Evaluating let x = 1 in ... generates a fresh name, say xi, for x, adds x; = 1 to the value
environment, and adds x = x; to the renaming environment.

® Since the renaming environment contains x := x;, evaluating < x > yields < x1 >.

® Evaluating run_under_x_10 generates another fresh name, say x;, for x, adds x, = 10 to the
value environment, and adds x = x, to the renaming environment.

® Finally, run code executes the code fragment < x1 >. Since this is already a value, no further
renaming is needed, and x1 is resolved to 1, correctly referring to the outer binding.

Thus, fresh name generation together with the renaming environment performs systematic re-
naming during evaluation, ensuring lexical scoping of generated code and preventing unintended
variable capture. In particular, generated code always refers to globally fresh names, ensuring that
binders introduced later cannot capture them.

6 Runtime Typing

The surface type system presented in Sections 3 and 4 is not sufficient to prove type soundness
with respect to the operational semantics defined in Section 5. This is because the surface type
system does not account for runtime objects such as values, reserved names, and stores. To bridge
this gap, we introduce a runtime type system that reasons about these runtime objects.

First, we define syntactic categories for typing runtime objects.
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eV x:A@yiizy | (= y2/2y3)
¥, [)/0 =00, s Vi IE Okl
e|©,1: A

Reserved Names Typing ¥

Location Typing S

A reserved names typing ¥ assigns types to globally reserved names and maintains reachability
and visibility constraints among their classifiers. An element x : A @ y; :=y; states that the reserved
name x has type A, is declared at classifier y;, and that y, is reachable from y;. This element is
generated during evaluation of variable binding forms. The element y; (:> y»/:2 y3) declares a new
classifier y; such that y, < y; and y3 C y;. This element is generated during evaluation of splices.
The other element [y, := J, ..., yx := 5] declares a sequence of classifiers yy, . . ., yx with their
bases &y, . . ., O, introducing reachability constraints §; < y; and visibility constraints y;4; € y;. This
element is generated during evaluation of polymorphic classifiers. The structure of location typing
O is standard, mapping locations to their types.

The runtime type system has eleven judgments:

(1) Well-formed Reserved Names Typing + ¥ wf

(2) Well-formed Classifier Stack ¥+ 7+ wi

(3) Well-formed Contexts ¥ |ﬁ>+ 7" wf

(4) Well-formed Types ¥ |ﬁ>+ 72 Awf (or, ¥ FAT AwfifT = )
(5) Reachability Y Ty 2y ¥ry <ysifT=¢)
(6) Visibility Y Ty Cys(on, ¥ry, CysifT=¢)
(7)  Expression Typing ¥ |71>+ r |-§+ e: A

(8) Well-formed Location Typing ¥+ O wf

(9) Store Typing YrS:0

(10) Value Typing Y| |OH v:Aval

(11) Well-formed Value Environments ¥ | O+ Ewf

F ¥ wf defines well-formed reserved names typing, and ¥ + ' * wf defines a well-formed classifier
stack under ¥. Their derivation rules are straightforward and omitted here. The other judgments
largely divide into two groups: judgments extended from surface typing with reserved names
typing (3-7), and new judgments for runtime objects (8-11).

For the first group, we present important rules in Figure 5 for brevity, and the other rules are
mostly the same as those in surface typing. These judgments extend those from surface typing
with a reserved names typing ¥ and a classifier stack y1*. Here, 71 * represents the classifier stack
at the point where evaluation takes place; hence, the classifier stack for the empty context will
be 71” instead of !, as stated in R-WF-Ctx-Nil. We also introduce five additional rules that deduce
reachability and visibility from reserved names typing: R-<-NHT-Name, R-<-NHT-«, R-C-NHT-«,
R-<X-NHT-Polycls and R-C-NHT-Polycls. The judgment for expression typing ¥ |71’+ r I—?+ e: A
is also extended with a renaming environment R. We use it to type reserved names in R-T-Name.
This rule states that a reserved name y can be used as a variable x if (1) the scope of y is reachable
from the current classifier, (2) x renames to y under the renaming environment, and (3) x is not
shadowed in the context I'.

For judgments on runtime objects, we present the relevant rules in Figure 6. These judgments
type values, stores, and value environments. A value typing judgment ¥ | ® " v : A val states
that a value v has type A at classifier y under reserved names typing ¥ and location typing ©.
Unlike standard typed lambda calculi, where values are typed only at the top-level scope, this
judgment types values at a local scope y, whose visibility information is needed to type open
code fragments. VT-Clos-Func states that a closure value clos (E, R, Ax. €°) is well-typed if the
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‘11|71”n72”wa\P|W*rry25y3

Y Try, Cys

R-WF-CTx-NI1L
¥yt wl

R-X-NHT-NAME
xX:A@y:=ys €Y

R-<-NHT-«
yi(=y/2y) € ¥

R-C-NHT-«
nizy/2y) € ¥

Y7 e 7 wf YB Tryp<n

R-X-NHT-PorycLs
Vo= Vg--svkizye] € ¥

0<i<k

YA Thy <y Y Ty cp

R-C-NHT-PoLrycLs

[VYo:z¥--vizy] € ¥ 0<i<k

Y Try 2y

=+ "t
Y THY e:A

R-T-NAME

Y Trym Cyi

lookup (T, x) = Fail

ViA@y =y, € ¥ v |73)+ [ s wf ¥ |73)+ 'ty 2ys rename (R, x) = y

—4 b
TR x: A

Fig. 5. Curated rules for judgments that are extended from surface typing.

Y| |O+H v:Aval
VT-Cros-Func

VT-CobpE

Yerldx A Y|OHMEwE Wi Awf Yerl (YA YrOwf
¥ | @+ clos (E, R, Ax. ¢°) : A val VO () : Aval
VT-Loc
¥+ 0 wf lookupStore(©, [) = Done (A) ¥+ Awf

Y| O+ [: Aref val

Y| OH Ewf|[¥rS:0

WF-VENV-EMPTY WF-VENV-VAR
¥+ 0 wf ¥ |OH Ewf ¥Y|OH! v: Aval X:A@y:zy € ¥
¥ |0 ewf ¥ |OH2 E x=vwf
WF-VENV-SHUT WF-VENvV-PoLycLs
YO Ewf  p(:=yp/2yp) e ¥ YO Ewf  [yo:=00,..., k=8 € ¥
¥ |©+?2Ewf Y| O Ewf
T-STORE
S:(llfzvl,...,lkZZVk) @Z(lliAl,...,lkIAk) ¥+ O wf
¥ |©F v : A; val with some y; for1 < i<k
YIS:0

Fig. 6. Curated rules for judgments with regard to runtime objects.

underlying function is well-typed at some classifier under the given renaming environment, the
captured value environment is well-formed at that classifier, and the closure type is well-formed
at the classifier where the closure itself is typed. We have a similar rule for typing closures with
recursive functions. VT-Code states that a code value (e°) is well-typed if the quotation itself is
well-typed under the identity renaming environment and the location typing © is well-formed.
VT-Loc states that a location value [ has type A ref if [ : A appears in © and A is well-formed at the
current classifier y. Here, we overload lookupStore to look up the type assigned to ! in ©. One key

, Vol. 1, No. 1, Article . Publication date: August 2026.



Refined? Environment Classifiers 21

aspect of value typing is that a value can be typed at any classifier as long as its type is well-formed
at that classifier, as stated in the following lemma:

LEMMA 3 (VALUE PorTABILITY). If ¥ | @ F* v: Aval and ¥ +2 A wf, then¥ | © +2 v : A val.

We leverage this fact for typing stores later.

The value-environment well-formedness judgment ¥ | © +¥ E wf states that a value environment
E is well-formed at the classifier y. The empty environment is well-formed at the initial classifier, as
specified by WF-VEnv-Empty. WF-VEnv-Var extends the environment with a new binding x = v
while advancing the classifier along the reachability witnessed by anentry x : A @ y2:=y; € ¥. WF-
VEnv-Shut and WF-VEnv-Polycls similarly advance the classifier along the reachability witnessed
by the entries, leaving the value environment unchanged.

For stores, we have two judgments: well-formedness of location typing ¥ + © wf and store
typing ¥ + S: ©. In ©, the type assigned to each location is assumed to be well-formed at some
classifier, but that classifier is not recorded in ®. We can observe a similar discipline in T-Store.
This is justified by Lemma 3: since any classifier may be chosen as long as the relevant types are
well-formed under it, we do not need to track a specific classifier for each location.

7 Metatheoretic Properties

We now have all the machinery needed to state and prove metatheoretic properties of our language.
The goal of this section is to prove two properties: soundness of our surface and runtime type
systems, and safety of offline code generation.

7.1 Type Soundness

To state type soundness with respect to the definitional interpreter in Section 5, we employ Siek’s
three-easy-lemmas style of type soundness proof [1, 34]. First, we prove the safety of auxiliary
functions used in the definitional interpreter.

LEMMA 4 (SAFETY OF lookup). If ¥ |V ¢ |—§ x:Aand¥ | © +Y E wf, then there exists v such that
lookup (E, rename (R, x)) = Done (v) and ¥ | © +¥ v: A val.

LEMMA 5 (SAFETY OF lookupStore). If ¥ | © +¥ [ : Aref val and ¥ + S: O, then there exists v
such that lookupStore(S, [) = Done (v) and ¥ | © +¥ v: A val.

LEMMA 6 (SAFETY OF updateStore). If ¥ | © +V v : Aval, ¥ + S: ©®andl: A € O, then
updateStore (S, , v) = Done (S;) for some S; where ¥ + S;: ©.

We then prove expression persistency, which ensures that an expression well-typed at the top-level
stage remains well-typed at any future stage as long as classifiers are consistent. This property is
used when a generated code fragment is spliced into larger code fragments.

LEMMA 7 (EXPRESSION PERSISTENCY). If ¥ | ¢ Fi/(i €AYy, yswfand ¥ + yy < ys, then

— —
L ACREN: I—?E’YS e A
1
The following promotion and demotion results move variables and classifiers between reserved

names typing and contexts. The demotion result is a difficult and important part of the metatheory,
because it requires careful handling of binding relations.
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LEMMA 8 (PROMOTION).
—4 =+
(D) IFW ek 2 e A then W 171 ¢ k1002 ¢ AL
- V2 v — b4
(2) If ¥ |V1:00- 6,(4)?%1»)0 e: A thenV, y,(:= 8y /:2 Ok) |M2 ¢ ,_};1,)/2 e: A

B IfY |ﬁ”’2 x:13 A4 Fly;,ya e: Ay andy ¢ Domy(¥), then ¥,y : A1 @ y3 :=¥2 Iﬁ”’3 £ F%‘)’C’:iy e:
A,

3 5, 5 5,
@ IFY 12 [yrmy), vz v )0 b e s A then®, [yo =y, vz v 190 e b et Al

DEFINITION 1 (DISJOINTNESS OF CLASSIFIERS). We write ¥ + 71 # 73 if ¥ F Y, € y; does not hold
foranyy! € {yi} andy} € {12}

LEMMA 9 (DEMOTION).
iy Yityers nwr iyeys
(1) Suppose ¥ [V1 125 ¢ ) e: A If ¥ Fys Cya, then W [V V2 Yopl e: A

(2) Suppose ¥ |71>’Y2 £ ,_gd’z e: Aandy,(:= 8)/:2 6k) € Yand¥ + ¥, # yp. If y4 ¢ Dome(¥),
then ¥ |W’50"--’5k<z4k§’Y4 e: Ay, = y4l.

(3) Suppose ¥ [vive ¢ kg’n e:Ayandx: A @y,:=ys € Yand ¥ + 71 # v, If ys ¢ Dome(¥),
then ¥ [714 x5 Ay [y = ys] Fﬁ’“ e: Azlyz =ysl.

(4) Leto =yo =0y ..., Yk = 6. Suppose ¥ |gl)+’Y° € k§+’y‘) e: A and [yo =y, viizy] € ¥

d e
and ¥ + 8% # yo,....ye. If 8, ¢ Domc(¥) for0 < i < k, then' ¥ |57 [§] 2= y],..., 8] =
—
, S +’6/
yli](so I—id1 " e:Alo].
With these lemmas, we can prove type soundness of the runtime type system with respect to the
definitional interpreter. The proof proceeds by induction on the derivation of the given expression

typing and the step limit k.

THEOREM 1 (SOUNDNESS OF RUNTIME TYPING).

(D) If¥ " e I—};l €' A, ¥ | ©; v E wf and ¥; + S : ©4, then either of the following holds.
o V(e E R Domy(¥,), Sy, ky) = Timeout
o V(e E R Domy(¥),S1, k;) = Done (v, Domy(¥;),S,), ¥, | ©, " v : A val and
¥y + Sy: O for some v, ¥, and O, such that ¥; C ¥, and ©; C O,.
(2) If Wy [PVt g F?’---’W e AW | O F E wf and ¥y + S;: O, then either of the
following holds.
o V(i ek" E R Domy(¥,),S1, k;) = Timeout
o Viut(k ek" E R Domy(¥,),S1, k;) = Done (e,1, Domy (F,), S;), W, |0kt ¢ Fa
ef  Aand ¥, + Sy ©, for some e, ¥, and ©, such that ¥; C ¥, and ©; C O,.

Type soundness of the surface type system then follows as a special case of the theorem above,
by instantiating ¥; to ¢, y; to !, and © to ¢.
COROLLARY 1 (SOUNDNESS OF SURFACE TYPING). If € V' € : A, then either of the following holds.

o V(e ¢ id, ¢ ¢ k) = Timeout
o V(e e id ¢ ¢ k) = Done (v, N,S) where ¥ | © +' v: Aval, Domy(¥) =N and ¥ + S: ©
for some ¥ and ©.
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7.2 Safety of Offline Code Generation

As another important property, we prove the safety of offline code generation. This property states
that the content of generated code remains well-typed. In particular, we expect that generated code
does not depend on runtime objects such as store or reserved names, which is also discussed in
earlier staged calculi with mutable state [19, 21, 42]. It is clear that we can discard the store, since
expressions do not directly depend on locations. It is less trivial if we can discard reserved names,
since they can be used in generated code. However, we can show that generated code will not use
reserved names if it is well-typed at the initial classifier, as stated in the following lemma.

1ot L0. NS
LEMMA 10. If ¥ [ et € : A thene | ek, € A
We can then prove safety of offline code generation, stated as follows.

THEOREM 2 (SAFETY OF OFFLINE CODE GENERATION). If € +' €,° : (A)' and V™(e,*, ¢,id, &, &, kz) =
Done (v, N, S), then v = {(e,°) and ¢ V' ,° : A for some e,°.

7.3 Mechanization in Rocq

We mechanized in Rocq the definitions and metatheory of our calculus presented in Sections 6
and 7. In particular, the mechanization establishes the two main results of the paper: Theorems 1
and 2. The formalization comprises 66,201 lines of Rocq source, much of which was generated from
the definitions and theorem statements in the paper and its supplementary material using OpenAl
Codex with GPT-5.5. The authors reviewed and corrected the generated code, checked the complete
development with Rocq, and verified its correspondence with the source material. They take full
responsibility for its correctness.

We use the locally nameless representation with cofinite quantification over fresh names [3]
for binders introduced by polymorphic classifiers. We do not use such a representation for object-
language variables: they are represented directly as names, and their binding structure is managed
by the operational semantics through fresh-name generation and renaming environments. As a
result, the mechanization does not require reasoning about alpha-equivalence or substitution for
object-language variables; locally nameless reasoning is needed only for classifier binders.

8 Related Work
8.1 Earlier proposals with Refined Environment Classifiers

Earlier REC-based systems are restricted to two-level staging and support neither runtime exe-
cution nor CSP [14, 19, 20, 28]. In that setting, classifiers need only be tracked at a single stage,
simplifying the type systems. In contrast, supporting multi-level staging, run, and scoped CSP
requires typing contexts and judgments that track scoping dependencies across multiple stages.
Classifier polymorphism poses an additional challenge: although the need for it had previously
been noted informally, integrating it into earlier systems was nontrivial.

To address these challenges, we redesign typing contexts and judgments to manage scoping
information uniformly across multiple stages. The resulting system supports multi-level code
generation, run, and scoped CSP, using the visibility relation to capture the classifier scoping
required for safe nested code generation. The same context structure yields natural surface typing
rules for polymorphic classifiers simply by adding the corresponding context form, an advantage
over earlier REC proposals.

8.2 Typing Disciplines for MetaML-style Code Generation with Effects

Early work on multi-stage programming contrasted two approaches to typing MetaML-style code
generation. The type QA of A© represents open code and accommodates code with free variables,
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but supports neither runtime execution nor effectful code generation [10, 11]. The type DA of
AP represents only closed code, but safely supports runtime execution and effects because scope
extrusion cannot occur [4, 12]. The need for both capabilities motivated several systems combining
the two types [6, 23, 45]. Among them, Calcagno et al. [6] proposed a sound system with mutable
state that permits only closed code to be executed or stored, preventing scoping errors. Rather than
combining separate types for open and closed code, environment—classiﬁerl systems annotate a
single code type with staging information, distinguishing potentially open code valid at a particular
stage from closed code portable across stages [5, 38]. This supports safe runtime execution and
could likely accommodate mutable state by restricting storage to closed code, though this has not
been formally studied.

Xie et al. [42] and Li et al. [21] formalized MetaML-style typed calculi with mutable state and
proved the safety of offline code generation; Li et al. additionally support runtime execution. Both
focus on the interaction between mutable state and offline code generation, showing that generated
code is independent of generation-time state, such as store locations. Consistent with this focus,
they restrict mutable references to ground types, simplifying their formalizations but excluding
references containing code and hence scope extrusion through mutable state.

Contextual types are another approach to typing open code, though usually in calculi unlike
MetaML; see Section 8.5. One exception is Al a MetaML-style calculus with mutable state whose
contextual code types explicitly list the free variables available to a code fragment [31]. However,
they do not account for visibility and thus admit well-typed programs exhibiting scope extrusion, as
explained in Section 2.3 and demonstrated in the supplementary material. This limitation appears
difficult to address in a contextual type system.

8.3 Reasoning about Dynamic Aspects of Effectful Code Generation

Practical multi-stage languages tend to adopt simpler type systems based on A©, allowing dynamic
errors [17, 32, 35]. This motivates studying the dynamic behavior of effectful code generation,
including erroneous behavior such as scope extrusion.

Moggi and Fagorzi’s combinator-based calculus [22] makes scope extrusion through mutable
state observable by treating fresh-name generation as an effect and generated names as part of
the computation state. Combinator-based REC calculi adopt a similar view [14, 19, 28], but further
distinguish harmful scope extrusion, where the final result of code generation contains a free
generated name.

Lee et al. [20] study dynamic detection of scope extrusion in code generation with effect handlers,
exploring the trade-off between precision and performance. Such mechanisms could complement
our static discipline in practical extensions, particularly gradual typing [7, 43], and could be
incorporated into our operational semantics.

Yin et al. [44] proposed a typed multi-stage calculus with mutable state and strong type-safety
guarantees. They also developed a fully abstract trace model based on operational game semantics,
providing a semantic foundation for effectful code generation. We note, however, that while they
present their language as MetaML-style, we classify it as a contextual-type-based calculus; see
Section 8.5.

Lightweight Modular Staging (LMS) [32] is a practical Scala framework that addresses scope
extrusion through language design: it encapsulates effects such as deduplication and code motion
within its staging primitives, allowing programmers to write staged programs in a pure style while

Despite the similarity in terminology, environment classifiers and refined environment classifiers serve distinct purposes:
the former track the staging dependencies of generated code, whereas the latter track its scoping dependencies.
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benefiting from effectful code generation. This design makes scope extrusion less likely, though
not impossible.

8.4 Cross-Stage Persistence

Cross-stage persistence (CSP) allows variables or values from one stage to be used at later stages, but
admits several implementations. Xie et al. [42] classify them as Value-based CSP, Path-based CSP, and
Heap-based CSP. Heap-based CSP stores values in the heap and embeds their locations in generated
code for resolution at runtime; it corresponds to the original notion of CSP in MetaML [38, 39] and
to what we call traditional CSP in this paper.

Our scoped CSP allows generated code to contain variable names resolved at runtime against the
surrounding lexical environment. This mechanism is not new: a similar one appears in the staged
C variant ‘C [30], showing that scoped CSP arises naturally from runtime execution under lexical
scoping. Although more restrictive than heap-based CSP, scoped CSP supports similar use cases
and fits naturally with our R2EC-based typing discipline (Section 3). By contrast, heap-based CSP
requires non-trivial type-system extensions to ensure the safety of offline code generation [13, 21].
Comparing their use cases and type systems more closely remains future work.

8.5 MetaML-style MSP and Contextual-Types-based MSP

Besides MetaML-style MSP, another approach to MSP is based on contextual types [16, 25, 26, 29].
From a syntactic perspective, the main difference between the two approaches lies in how they
treat free variables in code fragments. In MetaML-style MSP, free variables in code fragments
can be bound by the surrounding context. In contrast, in contextual-types-based calculi, free
variables in code fragments are bound by the context annotation on a quotation or contextual
type, rather than directly by the surrounding context. An advantage of the contextual-types-based
approach is that it is largely orthogonal to other features, since open code fragments are not lexically
bound by surrounding contexts. For example, several contextual-types-based calculi have been
proposed in combination with effectful features such as mutable state [16, 44] and session-typed
communication [2, 33]. By contrast, subtle interactions between MetaML-style MSP and effectful
computation have long been a challenge. From this perspective, the main result of this paper is
significant because it provides a typing discipline for MetaML-style MSP that composes cleanly
with mutable state while ensuring safety.

Since the two approaches offer different strengths, they can be hybridized to combine their
advantages; see Chiang and Xie [8]. Thus, they are better viewed as complementary rather than
competing approaches to MSP.

8.6 Logical Foundations of Multi-Stage Programming

Type systems for multi-stage programming are known to have logical foundations in modal
logic [11, 12, 27, 40]. In a recent preprint, Murase and Maniwa [24] proposed bounded modal logic
as a logical foundation for MetaML-style metaprogramming, generalizing the S4 modal lambda
calculus to make the scope dependencies of code fragments explicit. Their formalization is similar to
ours in that it uses classifiers to annotate modal types and supports polymorphism over classifiers.
However, it does not account for scope visibility and would therefore admit programs that are
undesirable in our setting. Elaborating their logic to provide a logical foundation for our type
system is an interesting direction for future work.

9 Conclusion and Future Work

In this paper, we proposed a novel type system based on refined environment classifiers (RECs)
for MetaML-style multi-stage programming with mutable state. We showed that extending RECs
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beyond earlier settings is nontrivial: typing multi-level programs requires tracking not only vari-
able scopes but also the scopes of classifiers themselves. We formalized this refinement through
reachability and visibility and called the resulting typing discipline refined? environment classifiers
(R2ECs). We further incorporated polymorphic classifiers to support more general and reusable
staged code generators.

For the full calculus, we proved type soundness and the safety of offline code generation, demon-
strating that R2ECs support expressive, effectful multi-stage programming while preventing harmful
scope extrusion. We also presented a definitional-interpreter semantics that incorporates scoped
CSP and renaming environments, providing an operational account of lexical scoping and a basis
for future semantic studies. Taken together, these contributions establish a theoretical foundation
for effectful MetaML-style MSP supporting multi-level code generation, runtime execution, scoped
CSP, and classifier polymorphism.

As future work, we plan to investigate practical extensions, including subtyping [19, 31], type
inference [5, 19], analytic metaprogramming [8, 29, 35], effect handlers [14, 20], and module
systems [9, 36, 42].

Data-Availability Statement

We provide a supplementary document and an artifact package. The supplementary document
contains material omitted from the main text, including full definitions, paper proofs of the metathe-
oretic properties, and counterexamples showing that All, a MetaML-style calculus with mutable
state [31], is not type sound, as discussed in Section 8. The supplementary document has been
uploaded separately and is also included in the artifact package described below.

The artifact package contains a browser-based implementation of our calculus and a Rocq
mechanization of the formal definitions and proofs presented in the supplementary document. The
implementation supports interactive exploration of the surface type system and the definitional
interpreter. We provide Docker images for both components to facilitate reproducibility. The artifact
package is available on Zenodo at https://doi.org/10.5281/zenodo.21468038. For convenience, the
implementation can also be tried directly through an interactive web demo at https://www.fos.kuis.
kyoto-u.ac.jp/~murase/r2ecs-demo/.
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