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1 Outline

This is the supplementary material of the paper titled “Refined? Environment Classifiers”.



2 Definitions

2.1 Surface Language

Integer n € Int
Variable z,y € Var

Expression ef e Bxp® = n|z |z e | eFer | (eFH) | $p{eFF} (where k > k)
| rec f(z). eF | ref (¢F) | &1 := er* | deref(e¥)
2.2 Surface Type System
2.2.1 Objects for the Type System

Classifier Stack 5 = g 5,6
Polymorphic Classifier Declaration 0 = e|lo,7 =Y
Base Type L = int]...
Type A,B == 1|A— B|(A)Y | Aref|Vp.A
Typing Context T = ¢e|[z7A|T)»Y| T, «|T,[o]"

Introduction Forms er® u= Az ef|rec f(z). eF | (eFF1)

Definition 1 (Free Occurrences of Classifiers). FC(A), FC(p), FC(I') return the set of classifiers that occur freely
in A, o and T, respectively. They are defined as follows.

FC(1) =10
FC(A; — A2) =FC(4;) U FC(4,)
FC((4)7) = FC(4) U {7}
FC(A ref) =FC(4)
FC(vp.4) = (FC(A) — Domc(g)) U FC(0)

FC(e) =10
FC(2:7A,T) = FC(T) — {7}
FC(»",T) = FC(T) U {7}
FC(«;,I') =FC(T) - {7}
FC([¢]",T) = FC(I') = ({v} U Domc¢ (o)) U FC(e)

Definition 2 (Classifier Domain of Contexts). Dom¢(I") and Domc () return the set of classifiers declared in T
and o, respectively. They are defined as follows.

Dom¢ (Fv [g]’\,’

Domg(e) =0
Domc (0,71 := 72) = Domg(o) U {71}



Definition 3 (Classifier Substitution Mapping). A classifier substitution mapping, ranged over by o, is a finite
mapping from classifiers to classifiers. We write it as y1 :==71,..., vk =", assuming that the classifiers v1 to v
are pairwise distinct. Its domain and range are defined as follows:

Domc (Y1 =715+, Tk = W) = {71+ 0}
Rege (v =71 =) = {71, %}
Definition 4 (Classifier Substitution). Classifier substitution is the capture-avoiding operation induced by a clas-

sifier substitution mapping. For o =~y = 7,...,v, =7}, we write §[o] for the classifier obtained by replacing &

with v, when 6 = v;, and leaving 6 unchanged otherwise.
It extends to classifier sequences, types, polymorphic classifier declarations, and contexts as follows:

(A1 = Ag)[o] = Ay[o] — Az[o]

if Domc(g) N (Domg(o) U Regq(o)) =10

glo]=¢
(T, 27 A)[o] =T[o], x:7 A[o]
(T,»")[o] = T[a], »"1°]
(', €})[o] =T[o], «;
(T, [o])lo] = T[o], [elo]]”

The side condition in the clause for polymorphic classifier types ensures that the substitution does not capture the

classifiers bound by o.

2.2.2 Judgments and Derivation Rules

WF—_()JTX—VAR R
WF-Crx-Emp THF 2 wf  THFI2 Awf 43 ¢ Dome(I)
e wf T, A T wi
WF—_()JTX—OPEN WF—_(}]TX—SHUT
TE2 wf Tk Coy [ 5000 wf 4y ¢ Dome(D)
1"7 »73 l_’71>7')’2773 Wf 1"’ 4;6/2 }_'TI)a'YQ Wf
WEF-Ctx-PoLycLs
r l—?’%’ wf Yo, - -,k are pairwise distinct

v ¢ Dome(D) for 0< i<k v &€ Domc((y1i:=71,-.., % :=7;)) Dk~ Cqlfor 0<i<k
F7 [Wl :i ’yi, ey Yk :i ry;{;]ﬂl'o '_?,’yo Wf




THT" A wf

WE-T-Base WEF-T-Func N WF-T-<>_>+ WE-T-REF
L7 wf YT A, wf TFT A, wf e E% " A w L7 A we
THY o wt THY" Ay — Ay wf T2 (A wE

WF-T-PoLycCLs
T, [o]™ |_?m A wf

TH7' A ref wf

Domc¢(g) N FC(4) =0 7 ¢ FC(A) r }—?’72 wf
T 07 Vo A wf
'k =y HI‘ Fy Cys ‘ Assuming that I" I—?Jr wf for some ?*.
<-REFL <-TRANS =-VAR N
v € Dom¢ () U {!} 'k <y 'k <93 Iy B2 wf
'y =<~ 'ty <3 Iy, A T b e <3
=-< R C-LIFT C-TRANS C-« .
Fl |_'y1,5g,51 """ O wf k Z 0 'k Y1 j Y2 'k Y1 g Y2 'k Y2 Q Y3 Fl 7072 wf
I, €7 Tokdy <7 'y Cye 'y Cos I, <€ Tobk v Sy
=-PorvcLs C-PorLycLs
T Fo% wE  0<i<h 0<i<k
Ci, o=y = ) 0 Do b 2y Loy [y o=y, 22 0 Ta b vign S
TE7 e 4
T-INT . T-VA_}R
TF7" wE B2 wf lookup (I', z) = Done (4, v3) I'kE~v3 <7
I'F7 n:int T2 g0 A
T-REC R N T-Func _ N
T f7 A — Ag, A E7372 e Ay T 77 wf LA B2 e Ay v1 € FC(As) 727 wf
[ %% rec f(z). e: Ay — A D2 M\ e Ay — Ay
T—APF; .
TFY ey idy —» Ay TH e 4y

T-Quo

r |_7+ €16 : A2

T-SPLICE
r, >71F7_2>+m e: A [ 7850050k v1 € FC(A) r, <;1F7_3)m e: (A)”? 'k~ <6 Y1 # V2
TE2 (e) : (A" D 700000, Lo} A
T-REF T-SET T-GET
T e 4 F|—7+61:Aref Fl—?+62:A

F|—7+6:Aref

Al ref (e) : A ref

T-PovrycLs
T, [o]™ }—?"’1 er: A

Domg(g) N FC(4) =0

THFT epi=ey: A I'H7 " deref(e): A

v @ FC(A)  THO™ wt

r }—7’72 er:Vo.A



T—AE}PCLS
FI—‘S"SUe:Vﬂ,’]t’yi,...,wktfy,’c./l FEvl <6, for1<i<k F'Féip1 Cofor0<i <k

=
99 ¢ Ay =01, .,k = Ok

Here, the auxiliary function lookup (T, z) is defined as follows:

lookup (g, z) = Fail
lookup ((T', = ”A) z) = Done (4,7)
lookup ((T', y:7 A),z) = lookup (I',z) ifz#y
lookup ((T', >7), z) = lookup (T, z)
lookup ((T', <), z) = lookup (T', )
lookup (T’ [g]"), ) = lookup (T’ z)
2.3 Operational Semantics
2.3.1 Runtime Objects
Value v € Val i= n|clos(E,R,\z. €°) | clos (E, R,rec f(z). ) | (e°) | I
Reserved Names N €RN == ¢|N,z
Value Environment E €VEnv = ¢|Ez:=v
Renaming Environment R € REnv = id|R,z:=y
Store S €Store = |85 l=v

2.3.2 Notations for the Meta Language

For the following definitions, we briefly introduce definitions and notations for the meta language. The meta
language is a simple functional language with pattern matching.
We have the type Result(7) with the following definition:

type Result(7) == Timeout | Fail | Done(r)
Then, we introduce monadic notations for the type Result(r) as follows:

return(M) = Done(M)
X < My; Ms = match M; with
case Timeout = Timeout
case Fail = Fail
case Done(R) = [X := R|M

2.3.3 Auxiliary Functions

lookup (¢, z) = Fail
lookup ((E, z .= v),z) = Done (v)
lookup ((E,y :=v),z) = lookup (E,z) ifz#y

gensym (N) = return (z) for some z such that x ¢ N
rename (id, z) =

rename ((R,z = y),z) =y

rename ((R,z == y),z) =rename (R, z) ifz#z



alloc (S) = return (I) for some [ such that | ¢ Domp(S5)

lookupStore(e, [) = Fail
lookupStore((S,! := v),l) = Done (v)
lookupStore((S,l; .= v), k) = lookupStore(S, k) if lj # b

updateStore (¢, 1, v) = Fail
updateStore ((S,! := v1), [, v2) = return (S, == v5)
updateStore ((S,l; = v1), b, 1) = 51 + updateStore (S, b, v2)
return (S1,h =v) il # 10

toQuote ((¢°)) = Done ()
toQuote (v) = Fail otherwise

toLocation () = Done (1)

toLocation (v) = Fail otherwise

2.3.4 Evaluator Functions

V(e E,R, N, S,0) = Timeout
V*(n,E,R,N,S, k) = return (n, N, S)
V'*(z,E,R,N,S,kT) = v + lookup (E,rename (R, z));
return (v, N, S)
V**(\z. €°, E,R, N, S, k") = return (clos (E, R, A\z. ¢°), N, S)
V' (rec f(z). ¢’ E,R,N, S, k1) = return (clos (E, R, rec f(z). eo), N, S)
V*(e:®e’, E,R,N,S, k%) = (v1,N1,51) < V' (e.’, E,R, N, S, k);
(v2, Na, S2) = V™ (e2°, E, R, N1, S1, k);
match v; with
case clos (E', R, \z. e3°) =
y < gensym (N2);
V(e (E',y == w), (R, z = y),(Na2,y),S2, k)
case clos (E', R ,rec f(z). es°) =
g < gensym (N2);
y < gensym (N2, g);
V(e (B g = v,y =), (R, [ = g.a = y),(N2,9,9), 52, k)
case _ = Fail
end
Vi((e'), B, R,N, S, k") = (v1,N1,81) + V" (0,e1", B, R, N, S, k);
return ((v1), N1, 51)
V' ($o{e’}, E,R,N, S, k%) = (v1,N1,51) «+ V' (e, E, R, N, S, k);
e toQuote (v1);
Ve, E,id, N1, S1, k)
V= (ref (¢°), E,R,N, S, kT) = (v, N1,51) «+ V" (e°, E,R, N, S, k);



[ + alloc(S1);
return (I, Ny, (S1,1 == v1));

Ve’ = e, E,R,N,S, k") = (v1, N1, 81) < V*(e’, E,R, N, S, k);
(v2, N2, S2) < V™ (e2°, E, R, N1, S1, k);
[ + toLocation (v1);
S3 « updateStore (S2, [, v2);
return (v2, No, S3)

V™ (deref(e”), E, R, N, S, k¥) = (v1, N1, 81) « V" (e°, E, R, N, S, k);
| + toLocation (v;);
12 + lookupStore(Si, 1);
return (v2, N1, S1)

VU (ky, e B, R, N, S,0) = Timeout
VU (ki n, E,R,N,S, k") = return (n, N, S)
Vfut(lq7 z,E,R N, S, kst) = return (rename (R, z), N, S)
VU (e, Az €1k1+,E, R,N,S, k") =y «+ gensym (N);
(2", N1, S1) ¢ V(kr, ea™ ', B, (R,z = y), (N, y), S, k»);
return (\y. 2" N1, S))
VU (ky, rec f(z). elk1+,E, R,N, S, k) = g + gensym (N);
y < gensym (N, g);
(e, N1, 81) = V' (hy, 0™, B (R f = 9,2 = ), (N, 9,9), S, bo);
return (rec g(y). e2", N1, S1)

VO, er™ e B RN, S, k) = (es™, Ni, S1) = VP (ki e B R, N, S, ks);
(es™, No, S2) = VU (k1 e, B, R, Ny, i, ko);
ret:urn(egk1 e4k1,N2,S2)

VU (ky, (e72), B RN, S, k) = (2", N1, S1) = VI (ht, %2 B R, N, S, ks);
return((ezk1+>,N1,Sl)
VY (k1,8 + {e} E, RN, S, k") = (v1, N1, 81) « V¥ (er®, B, R, N, S, k2);
e toQuote (v1);
return (e2”, N1, 51); (Note that e,° € Exp™)
VU (ky, 8 {er™ T2}, B, R, N, S, ks ) (where ki > ks )
= (e2"7% Ny, S1) « V' (ky — ko, ™ % B R, N, S, ks);
return ($5, {e2" 7}, N1, S1)

VO (ky,ref (e ), B, R, N, S, ks ") = (e2™, N1, S1) < V™ (kr, ", B, R, N, S, k2);
return (ref (ex"), N1, S1)

VO, er™ = e B RN, S, k) = (es", N1, 81) ¢ V' (e, er™ ' B, R, N, S, ko)
(ea™, Na, S) = V%(ky, 2" B, R, N1, 81, k);
l‘eturn(ea;k1 = e4k1,N2,Sg)

VU (ky, deref(er™ ), E,R,N, S, kat) = (e2", N1, 81) ¢ V™ (ky, er™ ", E, R, N, S, k2):
return (deref(ex™), Ny, S1)



2.4 Runtime Typing
2.4.1 Objects for Runtime Typing

Reserved Names Typing U = ¢| U, 2: AQy =% | U, (= 92/:2 73) | U, [0 := b0y« -+, Vi i O]
Location Typing O = ¢|06,l:4

Definition 5. 1. We write ¥y C Uy if there exists W3 such that V1, U3 = Us.
2. We write ©1 C Oy if there exists O3 such that ©1,03 = O,.

Definition 6 (Classifier Domain of Reserved Names Typing). Dom¢(¥) returns the set of classifiers declared in
U, and is defined as follows.

{1}

Domc (V) U {7}
Domc (V) U {1}
Dom¢e(P) U {vo,.--, 7k}

Domc(¢)
Domc (U, v (2= 72/ :2 73))
)
)

Dome (U, z: A Q vy i v
Domc (¥, [v0 := 0o, - ., Vi 1= O]

Definition 7 (Variable Domain of Reserved Names Typing). Domy (¥) returns the set of variables declared in U,
and is defined as follows.

Domy (g) =0
Domy (U, v, (:= 72/ :2 v3)) = Domy (V)
Domy (¥, 2 : A Q- :>= v) = Domy (¥) U {z}
Domy (U, [yo :>= b0, - ., Vi = 0x]) = Domy (¥)

Definition 8 (Location Domain of Store Typing and Store). Domp(©) and Domy (S) return the set of locations
declared in © and S, respectively.

Domy () =0
Dom(0,!: A) =Domy(0) U {l}

Domy () =0
Domy(S, [ :=v) = Domp(S) U {i}

2.4.2 Judgments and Derivation Rules

F U wf

R-WF-NHT-CLS
R-WF-NHT-Ewmp U wf " g Domc(\:[l) Yo € Domc(\:[/) Y3 € DOmC(\IJ)

Fewf
FW, (= e/ 2 y3) wi

R-WF-NHT-NAME
FUwf 2 ¢ Domy(¥) v € Domc(¥) 7y ¢ Dome(¥) TR AwE

FU,z:AQ~ =~ wf

R-WF-NHT-PoLycLs
FU wf Yo, - - -,k are pairwise distinct

Uk Color0<i<k 0; € Dome(P) for 0 < i <k v; € Dome(¥) for 0 <1 <k
EW, [0 2= b0,y 1 k] WE




R-WF-CSEQ-INIT R-WF-CSEQ-Succ
v € Domc¢(¥) Fv wf Uyt wf 72 € Dom¢ (V)
U ~ywf \I/l_’71>+,’)/2Wf

U TR wE

R-WF-CtTx-VAR

R-WF-C1x-NIL
U DR wf 0 DER Awf 4, ¢ Dome(¥) U Dome(T) Uyt wE
UL, 2 AR wE U7 T wE
R—VXF-CTX;» . R—VX}F Crx-«
T TR wf U TRy Co U7 R0 wf 4 ¢ Dome(¥) U Dome(T)
U |'71>+ T, B VA TE3 VA o f N |71 r, 423,_'75,73 wf
R-WF-C1x- POLYCLS N
|‘51 [ F92% wf Y0, - - - ,Vk are pairwise distinct vi € Dome(P) for 0 < i<k
—
vi € Domge(T) for 0< i<k v & Dome((v1:= Y15y Ve 12 5)) A Ihai Crjfor 0<i<k
= =
v ‘61+ s [A//l i 717 ces YR T ,‘)/;C}WO F52”YO wf

U TEEY A wE

o UH7" A wf is a shorthand for ¥ |7+ b7 A wi.

R-WF-T-BASE

. o R-WF-T- FUNC
FU wf \\J |”1 '

R-WF-T-()
wi WU TEE Ay wf W TER Ay wf [T T, e 4w
TR, wE U TER A Ay wi W TR (A) wi
R-WF-T-PorycLs N
R-WF-T-REr UL, [y sy s F0 A wE
TR A we v; & FC(A) for 1 < i<k

FC(A T[T RO wE
Yo ¢ (4) | w
U |71’+

T 2" A ref wf |51+ T |_5_>2-,v6 V1 =,

C VR ’y,;.A wif

TP Ty < || 0T

'Ev C3

e These judgments assume that ¥ |7_1>Jr T 7" wf for some '72>+.

e U v, <93 and ¥ I 45 C 73 are shorthands for ¥ |' e - v5 < 43 and ¥ | £ - 45 C 43, respectively.

R-=<X-NHT-NAME
r:AQy =y €U

\I/|’%>+F|_’}/2j’yl

R-<-NHT-«
1= 72/ 2 v3) € ¥
\If |,%>+ F l_ ’7/2 j ’}/1

R-=-NHT-PoLycCLS
o= i=pl €U 0< i<k
"
v |? N ’Y; =i

R-=<-VaAr

R
I |v_1> r, 7373 wf

-=-4-0TX
— —
\j ‘71 r, 725005050k o f

UITy, e ATy b s <y W[

R-=<-PorycLs-CTx
g ’
TP % wE 0<i<k

+
v \? Ly, [y =7,

[, <7, o b0 <73 N (A Lt i T
R-=-REFL R-=-TRANS

= s
71 € Dome(¥) U Domc¢(T) v

UIEThy <y

R-C-LirT
v |7_1>+ 'y =7
U Ty Ce

S+
'y =2y ¥ Thys =2
W T <

10



R-C-NHT-PoLycLs

R-C-NHT-«
a%t’ﬁc]elll 0<i<k

=+
WM ThEwCy mGzr/2w) ev oz,
i kS
U ThysCy U Thyy Sy

R-C-TRANS
UM Thy, o
U T F yp C

R-C-4-CTX R-C-PorLycLs-CTx

= =
] |’71 r, 725605050k wf 0<i<k

=7 3
Ty, < To k- 0p Ss W1 Ty = ok = A T b i €

TR TRE e A

R—T—Iﬂ{ . R-T-VARr . R .
UM TR wf lookup (T, ) = Done (4, 1) U |72 TR wf |2 Thy <y
TR DRE M g A

— =+ -
UM T'H) n:int

R-T-NAME
lookup (T, z) = Fail
T \'73>+ T F7 wf v |7—3>+ 'y <75 rename (R, z) =y

y: AQry =y € U
W TR g A

R—T_—)FUNC R
U T a2 A FER e Ay e & FC(Ay)

N\ |V_1>+ T FE’M Az. e A — Ay

U R wE

R—T_—)E{Ec R o R
UM, 2 A — Ag P Ay l—']{"% e: Ay U | TR wf

o |'71>+ T '_724)’% rec f(z). e: Ay — Ao

R-T-QUOTE
=+ —+
N\ |W1 1",>’Yz|_7%3 sY2 ey A

=+ ~2+
U TEET (e) 1 (A)

R-T-App Ly
—
\I/|71+1—‘|—7%2 612A1—)A2

=+ ~z+
v |’Y1 T "732 €162 AQ

=+ =+
U TR e Ay

R—T_—>S+PLICE_> . R L
TR0 wf g @ FC(A) U T, @R e (AP U Tk =200 n#7
O etk g fey A

R-T-ASSIGN

R-T-DEREF N,
= +
U TR e : Avef

R DR e A ref T TRE 4

R-T-REF oy
.
OIS e A

14 |71>+ r I—}C—QH ref (e) : A ref 14 |“71>+ r I—%H deref(e) : A 14 |V_1>+ r I—Z?H e =ey: A

R-T-PovycLs
Figs / /170 3270

\IJ| F’[A/l :t’ylv"'aﬂ/k :tﬁ)/k} }_R 6_[)214 5

vi € FC(A) for 1 <i<k v & FC(A) N, |51+ T 927 wf
6_)+ gﬁ(’) ! /

U TR e Vy =y, = A

R-T-AprpPCLS R
-
VAR I—’SR?"S" eV m s e YA

?Jr ’ . s+ .
\I/|1 Fl—’yijéifOI‘ISZSk \IJll F}—6¢+1Q5ifor0§z<k

- 7
0 |51+ r I—%’é“ e:Aly =01, ..,y = k)

11



WEF-ST-Cons
\\;,VE-ST-FIL U e wf | ¢ Domp(O) U 7 A wf for some ~
w
c U (0,1: A) wf
UES:0
T-STORE

S=(h =wv,...,l = w)
O=(h:A,....0: Ag) U O wf U | OF" v : A; val with some ; for 1 <i <k

UES:0
‘\1/|@|—’YUZAV3.1‘
VT-INT VT-Cros-Func
O wf  Ukywf UMekFpde e A | O Ewf U Awf
U | O+ n:int val U | OF clos (E, R, \z. €°) : A val
VT-CLos-REC VT-CODE
UMekrlrecf(z). A  U|OFMEwE  UF Awf U (Mmekd (A VO wf
U | O F° clos (E, R,rec f(z). €°) : A val T O (e : A val

VT-Loc
U+ O wf lookupStore(0, ) = Done (A) U Y A wf

U |OF: Aref val

U|OH Ewf

WF-VENV-EMPTY WF-VENV-SHUT
Vo wf U |orF" Ewf Y= /2 v3) € ¥
U|OH e wf U |02 Ewf

WEF-VENV-VAR
U |Or" E wf U |OF" y: A4 val T:AQy:=y €U

V|02 E z:=vwf

WF-VENvV-PoLYCLS
\I/\@l—‘SOwa [v0 1= b0y Ys = 0k] € T

U|OF"° E wf

Here, lookupStore(0, [) returns the type of location [ in O if it exists, and Fail otherwise.

lookupStore(z, [) = Fail
lookupStore(0, ) = Done (4) if © = (0,1 : A)
lookupStore(0, /) = lookupStore(©’,1) if © = (0',1' : A’) and I # 1

3 Proofs

3.1 Basic Properties of Judgments
Lemma 1 (Regularity of Runtime Judgments). 1. If - Uy, Uy wi, then - Uy wf.
2. If FUy,2: AQ -y 1=y, Wy Wi, then Uy 72 A wf.

We also use the following entry-wise consequences of reserved names typing well-formedness:

12



(a) If FWq,2: AQ -~y =7, Uy wi, then 11 € Dome(¥1).
(b) If Wy, 71(:= 2/ :2 73), Yo Wi, then v2 € Dom¢ (V1) and v3 € Dome (V).
(c) If U, [v0:= 80,7k := O], Yo wE, then 6; € Dome (V1) for any 0 < i < k.

8. If Uk 3t wf, then v, € Dome () for any v2 € {717},

4o If U TR wE, then b U wf and U - 57+ wf.

5. If W |’71>Jr I, Ty L7t wf, then ¥ \'71)+ I F% wf for some V5.

6. If O 1Ty 2% wf and Ty =T, s, then U |7 Ty %7 wf.

7. If © |71>+ Ty,20 A, T3 % wf, then U |"71>+ Ty F%5 A wf for some 75+

8 If WM T 2" wf and § € {73*}, then § € Dome (V) U Dome ().

9. If U 1" T %" wf, then FC(T') C Domc ().
10. If U TR A wi, then U |17 T H2" wi.
11. If © |71)Jr 'k~ <93 or ¥ |’71>+ 't~y C s, then ¥ |”71)+ T4 w for some V4.

12. If O |”71>Jr Ity X3 or ¥ |"71>+ I'F v C v3, then 72 € Dome(¥) U Dome(T') and v3 € Dome(¥) U
DomC(F).

19 F U TEE e: A, then O [T TR 4 wi.

14. If U+ O wf, then - ¥ wf.

15. If U+ O1,0,5 wf, then Y+ ©; wf.

16. If V- 0Oq,1: A, 05 wf, then UV Y A wf for some 7.

17. If Y+ S: O, then ¥+ O wf.

18. If U |OFY v: A val, then VY A wf and ¥+ © wf.

19. If V| O Y E wf, then U+ ~ywf and ¥+ O wf.

20. If ¥ |©F" Ey, Ey wf, then U | © B72 By wf for some ~s.

21. If U | O K" Ey,z:=v,Ey wf, then z € Domy (V) and ¥ | © 72 v : A val for some A and 2.

Proof. By induction on the derivation of each judgment. The entry-wise consequences for reserved names typing
well-formedness follow by inversion of the corresponding reserved names typing well-formedness rule, after peel-
ing any suffix of the reserved names typing with the first item. The classifier-stack containment fact and the
reachability /visibility endpoint fact are proved simultaneously: the context-variable and context-shut cases use
classifier-stack containment for the relevant prefix, while the open-context case uses the visibility endpoint fact.
The reserved names typing cases of reachability and visibility use the entry-wise consequences above. For Item 13,
we use Lemma 2. O

Definition 9 (Stratified Contexts). For any ki, ke such that 0 < k < ko, Ctx""*2 s the set of contexts. We
annotate a context like TF:F2 to clarify that it is a member of Ctx™ " . They are defined mutually recursively as
follows.

IRok2 ¢ Ctx™ ™2 i= e (where ky = ky )| 227 A, T*0k2 |pd Phitlk |<;£3,Fk17k3’k2 (where ky > ks )| o], TP

Lemma 2 (Monotonicity for Runtime Reachability, Visibility, and Type Well-formedness). 1. If ¥ \'71)772 Iy, Fg’

5y < 8y, W P2 Dy b W, W |02 Ty Ty % wf, U |12 Ty Ty, TOF - wf, and U |72 Ty, T -
Y4 = s, then U |72 Ty Ty TOF 6 < 65,
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2. If W M2 Ty TOF -6, C 6y, © |m ! wf U |72 Ty Dy b7 wf, O [7192 Ty Ty, T9F b wf, and
\If"“ 2 T, F3|—74<’y5, then\I'|'“ 2 1, T3, T "51C52

3. If U [ T TOF F3° 4 wE, O [02 Ty s wf, @ \71 72 Ty, Dy oo wf U [72 Ty Ty, TF o wi,
and ¥ |"71>’72 I',T3F v <5, then ¥ |71’72 I‘l,Fd,I‘g E A wf for some 75

Proof. By induction on the derivation of each judgment. O

3.2 Properties on Reachability /Visibility Judgments

—
Definition 10. Given ¥ |% T °2 wf and vy € Dom¢(¥) U Dome(T), len(¥, T) returns the number of classifiers
declared in U and I

)

len((U,2: AQ -y :=2),e) =len(¥,e) + 1
len((¥,71(:= 72/ :2 73)),¢) = len(¥,¢) + 1
len((U, [y1 :=61,..., 7, = 6k]),e) = len(¥,e) + k
len(¥,(T",2:"A)) = len(¥,T") + 1

len(¥, (T, »7)) =len(¥,T")
len(¥, (T, <)) =len(¥,T") +1

len(U, (T, [vi := 1,76 = 3] 70)) = len(¥,T) + k + 1

We also define deg(¥,T",v) as the position at which v occurs among the classifiers declared in ¥ and T.

deg(T,T,!) =0
deg((Vy,2: AQ v 1=, ¥y),T,y) =len(¥y,e) + 1
deg((¥1,71(:= 72/ :2 73), ¥2),I', 1) = len(¥y,¢) + 1
deg((¥y,[y1:= 01, .oy vi := 0k), ¥2), T, y) = len(Py,e) + k— i+ 1
deg(V, (T'y,2:7A,Ts),v) =len(¥,T) + 1
deg(V, (I', «},T'2),v) =len(V,T'y) + 1
deg(V, (T1, [y1 =1, Yk = Y60, T2),y5) = len(W,Ty) + k — i+ 1

Lemma 3. If either U | T'F 5 <3 or ¥ | ' v9 C 73 holds, then deg(V,T',v2) < deg(¥,T,v3). Moreover,
the inequality is strict whenever ~vo # ~y3.

Proof. By induction on the derivation of ¥ |7 Ty k5 <73 or ¥ |7 T'y F 5 C 3. O

Lemma 4 (Antisymmetry of < and C). If ¥ " T'F 45 <3 and U |"* T+ 43 <X 73, then v2 = v3. Similarly, If
UM TEy Crys and U M T'F 3 C g, then v2 = 7s.

Proof. We show the first statement; the second is analogous. Suppose, for contradiction, that v # 3. By Lemma 3
applied to U |2 T' F 75 = 73, we have deg(V,T", v2) < deg(V¥,I',~v3). Applying the same lemma to ¥ |72 T'F v3 < 74
gives deg(¥,T",v3) < deg(V,TI",y2). This is impossible. Hence 5 = ~3. O

Lemma 5. 1. If V| T kv <9 and y2 € Domg(¥), then ¥ vy =< 7s.
2. If V[T v, C v, and y2 € Domg (W), then U kv, C 7.

Proof. We prove both statements by induction on the given derivation. Since v2 € Dom¢ (), Lemma 3 implies
71 € Domg(¥); the remaining argument is straightforward. O

Lemma 6. 1. If Uk~ <y and ¥ |° T+ wf, then ¥ |° T vy, < 7.
2. If Uk Cryp and U [P T wf, then ¥ |° Ty C 7s.
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Proof. By induction on the given derivation. O
Lemma 7 (Inversion for < w.r.t. Reserved Names Typing). If U v1 < 79 and 1 # 72, then the following hold:
1. If 1 : AQ~y:=61 € U, then U F vy <47.
2. If vo(:x=01/:2 d2) € U, then U F v < 67.
3 If o=k =) € W oand y2 =y, for some i with 0 < i <k, then ¥t~y <.
Proof. By induction on the given derivation. O

Lemma 8 (Inversion for < w.r.t. Context). If ¥ |2 T'F 41 = 2, 71 # Y2 and v2 € Domg(T), then the following
hold:

1. If T =T, 272 A, Ty and ¥ |9 T'y %2 wf, then W |1 T' 4 < 6,.

2. If T =T1,<4)>, T and ¥ |90 Ty %2 wf, then W |°* T'F 4y < ds.

S If T =T, [y =Y, .,7 =42, Ta and W [°1 Ty b9 wf, then ¥ |9 T F vy < ds.

4. If T =T, [y =, v o= 'yﬂ"(lv,f‘g and vi = o for some i with 1 < i <k, then ¥ [+ T'F v, <~/
Proof. By induction on the given derivation. O
Lemma 9 (Inversion for C w.r.t. Reserved Names Typing). If U v1 C v and 1 # 72, then the following hold:

1.Ifz:AQry:=01 € ¥, then Uy C 6.

2. If vo(:=01/:2 02) € W, then Wk C & or UE v Cda.

3. If [00 =80, ...,05 = 0}] € ¥ and o = §; for some ¢ with 0 < i <k, then ¥t C 6, or Uk Cd41.

4. If [00 2= 0g, ..., 0k = 0L] € U and yo = Oy, then Uy C 6.

Proof. By induction on the given derivation. O

Lemma 10 (Inversion for C w.r.t. Context). If W [ T'F 7y C 4o, 71 # 72 and v € Domg(T), then the following
hold:

1. If T =T, 22 A, Ty and W |9 Ty % wf, then W [ T 4 C 6.
2. If T = F1,<Zf,I‘2 and W % Ty 8150y wf, then U |1 T' - C Oy, or ¥ 1Tk C Oy —ky -
3 If T =T,y =, .., =7, Te and ¥ |91 Ty %2 wf, then W |°* Tk C ds.

4. If T =T, [, =, v o= 7,’6’]75,F2 and 7 = o for some i with 1 < i < k, then ¥ | T~y C 7 or
Uy C Yis1-

5. If T =T,y =,...,7 = 'y;ﬂ”’é,Fg and vi = o for some i with 1 < i <k, then ¥ [+ Tk~ C~/.

Proof. By induction on the given derivation. O
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3.3 Structural Properties

Lemma 11 (Weakening with regard to Reserved Names Typing). Suppose ¥y C Uy and b Uy wf. Then the
following hold:

1. If Uy b+ wf and b Uy wf, then Uy - 7+ wi.

2. If Uy " T2 A wf and Uy 77 THET we, then Uy |1 THZ A wi.

3 If Uy [ Tk =3 and Uy |17 T H2" W, then Uy [ Tk 45 < 7.
CIf U T TR e Cys and Wa [T TR wE, then Uy [ TR 4o C .

CIF U T TEE et A and Wy [T TR wE, then Uy [T TEE 1 A,

4

5

6. If V1 -0 wf, then U5 - O wf.

7. If U1+ 5: 0, then Uy - S: O.

8 If U1 |©FY v: A val, then s |OFY v: A val.

9. If 1 |©OFY E wf, then ¥5 | © 7 E wf.
Proof. By mutual induction on the given derivation. O
Lemma 12 (Weakening with regard to Store Typing). Suppose ¥ ©9 wf and ©1 C Oy. Then the following hold:

1. If ]| O, FYv: Aval then ¥ | Oz FY v : A val.

2. If |0, FY E wf, then U | O3 7 E wf.

Proof. By mutual induction on the given derivation. O

%
Lemma 13 (Monotonicity with regard to Reserved Names Typing). Suppose W + 617,53 wf and ¥ v < 62. If
> = = —
U [T R wf, then there exists 637 such that ¥ |‘51+"52 L %" wf. For such 33+, the following hold:

- —
1If OO THRT A we, then W [017092 [ 197 A wf.
57+
2. If WO Tk <y, then W |91 %2 T Iy < 7.
5T+
8. If WO Ty C s, then W |1 %2 Tk yp C .
— —
4. If U T }—'EH e: A, then U \51+’52 T I—‘SR"’+ e: A.
Proof. By mutual induction on the given derivation. O

Lemma 14 (Weakening with regard to Context). 1. If U \’71>+ T''Fdé; X689 and ¥ |’71>+ I',T's b wf, then
Uy Ty k6 <6,

2. If U Ty -6, Coy and U |17 Ty, Ty b wi, then U |71 Ty, Ty k6, C 6.
Proof. By mutual induction on the given derivation. O

Lemma 15 (Strengthening with regard to Context). 1. If v |”71)+ I',Te k61 <02 and 62 ¢ Dome(Ty), then
VRIS PR

2. If U T T, Tyt 6 C 6y and 63 € Dome(Ts), then W 7 Ty F 6, C 6,.

Proof. By mutual induction on the given derivation. O
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Lemma 16 (Classifier Substitution Lemma for Polymorphic Classifier Declarations). Let To = [y1 1= 4], ., 7k i
— - ., —

7,2]”_‘1 and 0 = vy = 6(,...,Vk = 0. Suppose ¥ |51+ Iy %% wf, ¥ |51Jr I'y byl =6 forl < i<k, and

W% Dy 6, C 8 for0<i<k. Then the following hold:

— — - —
1. If O 9 T, Tg, Ty F2 " wf, then U [0" Ty, Ty[o] 02" 0] wf.
— — — —
2. If W[5 Ty, Ty, Ty %2 A wi, then W |51 Ty, Tylo] F027 o) Alo] wf.
6_;* " " 6_1>+ " "
3. If | Ty, To,To b8 285, then U |°0 Ty, Tofo] F 87[o] < 65[o].
If U P Ty, Do, Ty b 87 C 8, then U 1" Ty, Tylo] - 67[0] C 8
4. 1If V| 1,0, T2 =67 € 67, then W | 1,T2fo] = 6{[o] € 65[0].
= 4 = 57
5. If | Ty T, Ty 2" e A, then U |57 Ty Tylo] F2 ) ¢ Alo].
Proof. By mutual induction on the given derivation. O
Lemma 17. If U [11p72H]172 0 A, then U |72 e H 0 : A.
Proof. By induction on the given derivation. O

3.4 Normal Form of Expression Typing Derivations

Definition 11. We define an additional rule R-T-Appcls-Nonlntro for expression typing.

R-T-ApPpPCLS-NONINTRO -
5
g |51+ r |—5R2’50 eV = Yk i A

3+ / : 3+ , : : :
Ul Thy <6 for1 <i<k U Tk Co; for0<i<k e is not an introduction form

3t 0
\IJ|51 PEZ™ e Ay =01,..., 7% = 0]
If an expression typing derivation contains no use of R-T-Appcls, then we say it is in normal form.

Lemma 18 (Classifier Substitution Lemma for Polymorphic Classifier Declarations). Let T'o = [y1 1= ], ..., Yk i
— - ., —
v and 0 = v = 60,..., vk = 0}. Suppose ¥ |‘ler Iy F9%9% wf, ¥ |51+ Ty by X0, forl < i <k, and

5+ , , . . L 5+ St .
W% Ty =67, C0j for 0 <i < k. If there is a normal derivation for W | T'1,['g, T2 =% e : A, then there is

o 5+ 5t [o]
also a normal derivation for W |t T',Tsjo] Fg e : Alo].

Proof. By induction on the given derivation, as done in Lemma 16. O

Lemma 19 (Normal Form of Expression Typing Derivations). If an expression typing judgment is derivable, then
it is derivable with a normal form derivation. Namely, R-T-Appcls can be safely restricted to R-T-Appcls-Nonlntro.

Proof. By induction on the given derivation. The only non-trivial case is when the last rule is R-T-Appcls and the
expression is an introduction form. By the induction hypothesis, the derivation of the first premise of R-T-Appcls
can be taken to be in normal form. Since the expression is an introduction form, this normal-form derivation must
end with R-T-Polycls. We can therefore apply Lemma 18 to obtain a normal-form derivation of the same typing
judgment. O

Convention 1. In the rest of this note, we assume that all expression typing derivations are in normal form.
Accordingly, we use R-T-Appcls to refer to R-T-Appcls-Nonlntro, unless stated otherwise.
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3.5 Upper Bound of Classifiers

Lemma 20. Ctx**2 C CtxMtrsktrs for any ks > 0.
Proof. By induction on the structure of contexts. O
Lemma 21. Flfl’kz,l"gz’kg e CtxFiks,
Proof. By induction on the structure of F’fl’kz. O
Lemma 22 (Origins of Output Classifiers). If

S S T

o U \'%H Fl,Fgl’kz 7 wf, and

® 7y € {7—3>+}7
then v4 € {80, ...,0, } U Dome(T5*2) U FC(TE ).
Proof. Straightforward. O
Lemma 23. If

o U \’71>+ Ty F7:00:00 wi,

o« WP TR g C o,

e v3 € Dom¢ (V) U Dome(T'y), and

e 74 € {80,...,0k } UDomg (i *2) U FCTh ),
then there exists s such that

o v5 € {do,....0,} UFC(T5"),

o U \’71>+ Fl,Fgl’kQ F s Cv4 and

o W I, ThM by Cos

Proof. By induction with respect to deg(¥, (T'y, Fgl’kz)7 V4).

Ifv4 € {00,...,0, U FC(FSl’kZ), then take 75 = 4. The two required visibility judgments follow by reflexivity
and the given derivation.

We consider the remaining case where v4 € Domc(f‘gl’kz). If v3 = 74, then this contradicts the fresh-

ness/disjointness guaranteed by context well-formedness, because 73 € Dome(¥) U Dome(I'y). Hence, we

. . ok
assume 73 # 4 and perform case analysis on how 74 is introduced in I'y""™.

Case Fgl’kQ = Fgl’k3,:t:7’4A,F4: By regularity, we have ¥ \7_1>+ Fl,Fgl’]% F0" wf for some ¢”. By Lemma 10,
N4 |"71>+ Iy, Tk b hy C 67, Moreover, by Lemma 22, 6" € {do,...,0k} U Domg(I'5F2) U FC(IE ™).
Since deg(¥, (T'y, Fgl’kQ), §") < deg(W, (T'y, Fgl"b), v4), the induction hypothesis gives some 5 such that

5 € {00,...,0k } UFC(5"), UL TR by C 67, and W T T TR by C

Reapplying the variable context rule gives ¥ |'71>+ Fl,F’;“kz F 6" C 4. Thus ¥ |”71>+ Fl,Fgl’kz F s C 4 by
R-C-Trans.
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Case Fgl’kz = F’;l’ke‘, <., Ty: By regularity, we have ¥ |’71>+ Fl,l“gl’k3 o000y By Lemma 10, either ¥ WJr
I‘l,I‘gl’k2 F s C 4y or ¥ |”71>+ 1"171"’2€1’k2 F 3 C 0y,. Let 6" be the right-hand classifier obtained in this
way. By Lemma 22, 6" € {d,...,0r,} U Domg(I'5*) U FC(I5*). Since deg(¥, (I'y, 5%, 6") <
deg(7, (T, Fgl"”), ~4), the induction hypothesis gives some 75 such that

vs € {80y 06} URCTER) g T TRk s C 67 and W Ty TRORR gy €

Reapplying the corresponding <« context rule gives ¥ |”71>+ Fl,Fgl”Q F 6" C 4. Thus ¥ |’71)+ Fl,Fgl”Q F s C
~v4 by R-C-Trans.

Case Fgl’kz = Fgl’ks, V= = R4, Ty By regularity, we have ¥ |'71)+ Iy, F]?f"k?’ 9" wf for some §”.
By Lemma 10, the derivation factors through the output classifier §”. By Lemma 22, §" € {dg,...,dk } U
Domg (D5*) UFC(IE ™). Since deg (W, (I'y, I5*2), 6”) < deg (W, (I';, T5*2), 44), the induction hypothesis
gives some 75 such that

Y5 € {d0,....0k } UFCTE™), W[ T T ™ Fas C6” and W [T Ty T5* gy C .

Reapplying the corresponding polymorphic-classifier context rule gives ¥ |"71>+ I‘hl"gl’kz F 6" C 4. Thus
g \'Tﬁ Fl,Fgl’kz F ~5 C 44 by R-C-Trans.

Case I‘Sl’b = Flgl’ks, V= e 7,’6’]"/{)7114 and 4 = 7, for some i with 1 < 4 < k: By Lemma 10, the deriva-
tion factors through either ;' or, when i < k, 7;, ;. Let §” be the right-hand classifier obtained in this way.
The membership condition 6 € {&,...,8;} U Dome(I5*) U FC(I'5*) follows from the definitions
of Dom¢ (T5*2) and FC(I'5*). Since deg(V, (I';,[5*?),6”) < deg(¥, (I'y,T5*2),~4), the induction hy-
pothesis gives some 75 such that

Y5 € {d0.....0k } UFCTE™), W T T ™ as C6” and W [T Ty, T5* gy C .

Reapplying the corresponding polymorphic-classifier context rule gives ¥ |"71>+ I‘l,l"gl’kz F 6" C 4. Thus
\\ \'Tﬁ Fl,Fgl’kz F ~5 C v4 by R-C-Trans.

O
Lemma 24 (Upper Bound of Classifiers). Suppose
o VU \’71>+ Ty 730059k wf and
o U Iy Thrke LT i,
If ~5 € FC(Fgl’kz), then ¥ |”71)+ 'y F 5 C6; for some i such that 0 <1 < ky.
Proof. By induction with respect to the size of I";l’kz. By the definition of FC(F;I’]Q), it suffices to consider the
cases in which the occurrence of 75 is introduced by the last context constructor of I‘]Q“l’kQ. If the occurrence comes

from a proper subcontext, the result follows from the induction hypothesis and Lemma 14.

Case Fgl’kz = F’;I’krl, »75: By regularity, we have ¥ |’71>+ Iy, Fgl’kz_l k-7 wf for some 7. The well-formedness
of Ty, T5"* gives W |17 Ty, TH™ 7! 1 45 C 46, By Lemma 22, v € {do,....0k,} U Dome(I5™71) U
FC(Fgl’kQ_l). Also 75 € Dom¢(¥) U Domg(T'y) from 75 € FC(I'y*). Hence Lemma 23 gives some 7
such that

v € {80y 0} URCTERY g T Rkl s coqeand W Ty TER T e €y
If v7 € {do,...,0k }, choose i such that §; = y;. By Lemma 14, the judgment ¥ |’71)+ Fl,Fgl’kz F s C 65
gives the desired judgment for §;.

Otherwise, y7 € FC(I‘]gl’krl). By the induction hypothesis, there exists some j with 0 < j < k; such
that ¥ |7_1>+ I‘l,I‘Igl’krl F ~v; C §;. By transitivity, we obtain ¥ |7_1>+ I‘l,I‘gl’krl F v5 C §;. Then, by
Lemma 14, ¥ |“71>Jr Fl,Fgl’kQ F s C 4. Since §; € Dom¢(¥) U Dom¢(T'1), applying Lemma 15 yields
14 \Vﬁ I'y k5 € 6;. Hence, we may take i = j.
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Case I";hk? = Fgl’b, [07 52 Y15 e v v s Oy i 'y,'%}‘it{’ and 5 = v, with 1 < ¢ < k3: By regularity, we have ¥ W_ﬁ I‘l,I‘gl’k2 e
wf. The well-formedness of Fl,F’;’kQ gives ¥ |'71>Jr Fl,Fél’kz F ~l C 4. By Lemma 22, v, € {do,...,0%} U

DomC(Fgl’kz) U FC(Fgl’kz). Also v5 € Dom¢(¥) U Domg(I'y) from 5 € FC(I‘;I’]%). Hence Lemma 23
gives some g such that

Y6 € {00, 0k} UFCTE™), w1y TR by Cof, and W [T T, 5 1 5 C

If v6 € {do,...,0k }, choose i such that §; = 76. By Lemma 14, the judgment ¥ |’71>+ Fl,Fgl’kz F s C 65
gives the desired judgment for §;.

Otherwise 75 € FC(F’;l’kQ), and the induction hypothesis gives some 0 < j < k; with ¥ |'71>Jr Iy, I‘]gl’kQ Fs C
d;. By transitivity, ¥ |7_1>+ I‘l,I‘lgl’l€2 F~s C€6;. Then ¥ |7_1>+ I‘l,I‘Igl’]62 F 45 € §; by Lemma 14. Thus we can
take ¢ = j.

In either case, since 0; € Dom¢ (V) U Dome(I'1), applying Lemma 15 yields ¥ W_ﬁ Iy Fs C6;.

O

Corollary 1 (Upper Bound of Classifiers Case 1). Suppose ¥ |7 T’y FE wf and U |7 Fl,Fg"k 7w, If
V5 € FC(Fg’k), then ¥ |’y1 Fl H Y5 g Y3-

Corollary 2 (Upper Bound of Classifiers Case 2). If ¥ |7_1>+ T2 wf, and v3 € FC(T'), then ¥ \7_1>+ Pk Cy
for some v4 € {71}

3.6 Properties of Value Typing

Lemma 25. Let I'y = [o1]",...,[0k] ™ and ¥ [ Ty F & C g, where ki > 0. Suppose v; ¢ FC(p;41)U--- U
FC(og,) U {01} for1 <i<k. If 61 € Domg(T'1) and U |70 Ty 65 C 01 then 6o & {V1,-- Yk }-

Proof. By induction on deg(¥,T'1,d;). The freshness assumption gives §; & {v1,...,7k, }- Since §; € Dom¢(T'y),
there exist kg, k3, and ky such that ox, =] =77, ..., 7, = 75,, 01 =7, and 1 < kg < ks.

First suppose k4 < k3. By Lemma 10, either W |70 T’y 5 C 71/@/4 or ¥ |7 Tk § C fy,’%H. Let 03 be the
right-hand classifier obtained in this way. Then d3 € Dom¢(¥) U Dom¢(T'y) by Lemma 1.

If 95 € Domc (), then 62 € Dome (V) follows from ¥ |7 T'y  §; C d5 and Lemma 3. Thus d2 & {v1,..., V% }
by the disjointness of Dom¢ (¥) and Dome(T').

If 635 € Dom¢(T'1), then g, gives U |7 T'y F 63 C §;. Together with ¥ |7 T’y F &7 C 4, transitivity yields
v |’YO Fl - (53 g Yy -

Moreover, the original non-occurrence assumption implies

vi & FC(0i+1)U---UFC(ox,) U {03}

Here, we use 63 € FC(o,) when 63 = v, , and 7; # 7}, ., when 03 =7, ;.
Finally, by Lemma 3,
deg(\I/, Iy, 53) < deg(\II, Iy, (51)

Therefore, applying the induction hypothesis to d3 yields do € {v1,..., 7%, }-

The case k4 = k3 is analogous, using the conclusion ¥ [ T’y F §5 C 7;6'4 obtained from Lemma 10. O
Lemma 26. LetT'; = [p1]", ..., [og, ], »O where ky > 0 and v; € FC(0i41)U---UFC(oy, ) U {01} for1 <i < k.

If W 7' Ty, T9% pom o ="152% W, then the following hold:
1. If W o Iy, 9™ F 64 < 6 and either 6y € Domeg(T'Y*) or W [0 Ty 8, C 6y, then W |V T1,T9% 8] < 6.
2. If W0 Ty, T9% b 8, C 8, and either 8 € Dome (Iy*) or W [0 Ty b 8y C &y, then W | Ty, T9* 8 C 6.
3. If W[ Ty TR 1982 4w, then @ [/ Ty, IO Fmbo=1182" 4 we

0,k Vi ,5_2)+ k. ’ 0,k Yk [70;:7’]’5_;-*- k
4. If W0 T, T e A, then U |V T, Iy e"2 A,
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Proof. Let I' =Ty, I‘g’k2. We prove the four statements by mutual induction on the derivations appearing in their
premises.

Item 1. The proof is analogous to that of Item 2, using the rules and lemmas for < in place of those for C.

Item 2. By induction on deg(¥, (I'y,T5*),d,). Since ¥ |0 Iy, 9™ F & C &, is derivable, the classifier &) is
declared in ¥, I'y, or Fg’k2 by Lemma 1.

Case 0} € DomC(Fg’k2): We proceed by case analysis using Lemma 10. We spell out the case where 5 is
introduced by a <« entry in Fg’k2.
Suppose TS = Ty, €32, Ty and W [0 Ty, T 7% % wf. By Lemma 10, either W [ T';, 3" -
8y C oy or W0 Ty, 9" a1 C oy, .
In the former case, by Corollary 1, either 6/ € Domg(T'3) or W [0 I'y = ), C 01. As deg(¥, (I'y, r9*), 0,) <
deg (7, (T, Fg’kQ), d3), we apply the induction hypothesis to d;/, and obtain ¥ |’Y/ Fl,Fg’k2 61 C oy,
In the latter case, by Lemma 1, I's = I's, I'¢ for some I'5 and I'g such that ¥ |70 T'y, T'5 F7 OO ks W
By Corollary 1, either &; , € Domc(I's) or W [0 I'y =6}, C 61. &, ;. € Domg(T'5) implies
0k, € Domc(I'3). As deg(V, (I’17I’g’k2),6§€’4_k3) < deg(¥, (['1,T9%),8}), we apply the induction
hypothesis to 52’4_,@ and obtain ¥ \"’/ Iy, I‘g’kz o C 52’4_%.
Let d3 be &; or & _, for each case. Now we have W ' T, T9" 6, C d5. By inverting the well-
formedness assumption for I'y, ng’” and its subcontext with Lemma 1, we have ¥ |’Y/ Ty, Ig FR [o:=7'1,87 -0,
wf.
If §3 = 6}, reapplying R-C-«-Ctx yields ¥ [ Ty, T9" - 65 C 8. If 3 = 6 _, , the same judgment
follows by R-<-4-Ctx and R-C-Lift. Therefore, by R-C-Trans, W [ I'y, 5™ + 8} C 6.

Case 8, € Dom¢(I'1): Since 8, € Dome(T'y), the alternative &, € Domg(I'y*) is impossible by the
disjointness of Dom¢(I'y) and Domc(Fg’kz). Hence the assumption gives ¥ |70 T'; F §5 C 4;.
Let T'o = [01]", ..., [0x]""1, so that T'; = T'g, »%*. We verify the premises of Lemma 25 for this I'g. First,
by construction of I'r, ¥ |7 I'g F §; C g,. Second, d; must be declared in ¥ or in I'y, because » 91 does
not declare d;. The former is impossible: if §; € Dom¢(¥), then Lemma 3 applied to ¥ [ T’y 65 C §;

contradicts 65 € Dom¢(T';). Thus §; € Dom¢ (). Finally, the trailing »°' does not contribute to
the derivation of ¥ |7 Ty + §, C 61, so ¥ |70 Iy = 8, C ;. Therefore, by Lemma 25, we have

0 & {71y Vht -
By Lemma 10 and 65 & {7y1,...,7%, }, We have o, = 7' :=67,...,7) = &, and &5 = ~,_ for some ks
such that 1 < k5 < k4.
We consider the case ks < kq; the case ks = k4 is analogous. By Lemma 10, either ¥ |70 Fl,Fg’k2 F o) C
Oy or W |70 Iy, ng’” 07 C 7}, 41 holds. Let d3 be the right-hand classifier obtained in this way. The
declaration gy, gives ¥ |7 T'y, Fg’k2 F 95 C 05. By R-C-Trans, combining this with ¥ |7 I’l,I’g’k2 F o, C
8y yields W [0 T'y, 9" - 65 C 4.
Moreover, deg(¥, (T'y, Fg’kz), d3) < deg(¥, (I'q, I‘g’kz), %) by Lemma 3. Hence the induction hypothesis
applies to ds, yielding ¥ | Ty, I‘g’k2 Fé7 C ds.
By transitivity, combining ¥ [ Ty, 5™ + 8 C &5 with ¥ | T';,T9* 65 C 65 we obtain ¥ |
[y, T9% - 6, C 6, as required.

Case 05 € Dom¢(¥): By Lemma 5, we have ¥ F 6 C 45. Moreover, the well-formedness assumption
G |“Y, Fl,Fg’k2 Fm Pro=1.52+ A wf gives U |'V/ Fl,Fg’k2 - wf. Hence, by Lemma 6, we obtain
P T, TR 6 C 6.

i - o 0k |y, 85+
Item 3. By induction on W |70 T, T'y™ FY:%2" A wf.

. . g 50 .
Item 4. By induction on ¥ [0 T'y, Fg’k2 F;fd“ ® ef2 1 A, We cover major cases.
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=, =
Case R-T-Var: By inversion of R-T-Var, we have e*? = z, o1 = d3, 44, lookup ((I'y, Fg’kz), z) = Done (4, d5),
VARE Fl,Fg’k2 kal,g,&; wf
and W [0 Iy, 9™ + 65 < §4. By Corollary 1, either §; € Dome(I'Y*) or W [0 Ty + 8, C 6. Hence,

by Item 1, ¥ W Iy, Fg’kz F 05 = d4. The required context well-formedness follows from the assumption

’ s ’ L =~ 50
U |7 Ty, T9% o bo=11050s A wf. Therefore, by R-T-Var, we obtain ¥ [¥" Ty, ') o bro=71:6s,84
z: A

- -
Case R-T-Func: By inversion of R-T-Func, we have e® = \z. e;®, A = A; — Ay, and 631 = 63,94. The
derivation gives

5_>3755

W0 Ty, D92 %5 Ay Ha%% g k2 4,

—
together with d5 & FC(As) and ¥ |7 T’y Fg’k2 F7#1:93:94 wf By the induction hypothesis applied to the
body derivation, we have

’ 0,k 5 iy Y0=71,33.6
\ |FY Fl,FQ’ 27.73305141 l_iclil o 080 61k2 1 As.

From the assumption ¥ \'Y/ I‘l,Fg’k2 [l [o:=71.33.04 A1 — Ay wf, inversion gives the well-formedness
premises needed for reapplying R-T-Func. The freshness premise required by R-T-Func is the same as
in the original derivation, namely 05 ¢ FC(Az). Therefore, by R-T-Func, we obtain
=
U Dy, Tk o= 0s0n 30 o ke gy 4y,
O

Lemma 27 (Value Portability). If ¥ | © 7 v : A val, then for any v2 such that ¥ 72 A wf, we have
U|OF"2y: A val

Proof. We proceed by case analysis on the derivation of ¥ | © -7t v : A val.
Case VT-Int: Trivial.

Case VT-Clos-Func: By inversion of VT-Clos-Func, we have v = clos (E, R, A\z. %) and A = Vo; ...Vor. A1 — As.
Moreover, the derivation gives

v |5° € I—%’ Az, e Vo1 .. . Vor. A1 — Ay

together with ¥ | © F% E wf. The assumption of the lemma gives ¥ F72 Vo, ...Vor.A; — Ay wf. Therefore,
by reapplying VT-Clos-Func using this well-formedness premise, we obtain ¥ | © F72 v : A val.

Case VT-Clos-Rec: This case is analogous to the previous one.

Case VT-Code: By inversion of VT-Code, we have v = (¢°) and A = Vo, ...Voi.(41)?". Moreover, the derivation
gives )
UM e Bl (€% : Vo .. .ng.<A1>5

together with ¥ - © wf. By inverting this typing derivation, for some classifiers dg to §; with dg = v1, we

have ~ ‘ s
TP o] ol T 0 A
and the side conditions on the classifier declarations, namely d§; ¢ FC(g;4+1)U---UFC(gr) UFC(A;)U{0"} for
1 < i < k. From the assumption ¥ 72 Yo, ... Yor.(A1)® wf, inversion gives U |72 [p1], ..., [ox]%", »® FOx[00=12],0
A1 wf. Hence, by Lemma 26,
W ou], . for] ™ O s T 0 Ay

By reapplying R-T-Quote and R-T-Polycls, we obtain
U2 e 72 (%) : Yoy ... Vor. (A1)
Therefore, by reapplying VT-Code, we obtain ¥ | © F72 v : A val.
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Case VT-Loc: By inversion of VT-Loc, we have v = [ and A = A; ref, together with ¥ F © wf, lookupStore(0,[) =
Done (4;), and ¥ " A; wf. From the assumption ¥ 72 A; ref wf, inversion of R-WF-T-Ref gives
U 72 Ay wf. Therefore, by reapplying VT-Loc, we obtain ¥ | © F72 [ : A; ref val.

O
Lemma 28 (Classifier Application for Values). Suppose that
1 Wy | Oy Yy =l o= 'yfcl.A val,
2. Uy k) <6, for each i with 1 < i<k, and
3. Uik ;41 C6; for each i with 0 < i < k.
Then there exists Uy such that U1 C Uy, Domy (¥3) = Domy (¥,), and
Uy | ©OF% v Afyy == 01,..., %% = 0] val.

Proof. We proceed by inversion on ¥y | © F% v : Yy =), ..oy, 1= 7,’“ .A val. The only possible cases are the
closure cases and the code case. In each case, we instantiate the typing premise for the underlying constructor by
R-T-Appcls, and then reapply the corresponding value typing rule.

Case VT-Clos-Func: By inversion, we have v = clos (E, R, Az. ) and A = Vp; ...Vop,. A1 — As. Moreover, the
derivation gives

Wy | e FR Az, € iV i e Y 2 Yy -4,
together with ¥, | © F%0 E wf.

Choose a fresh classifier 6" and let Wy = Uy, 0”(:>= /2 §1). Then ¥; C U5 and Domy (¥3) = Domy (¥y).
Moreover, by Lemma 11 we obtain

Uy |0 e bR Az €0 Vg i= 4y, o Yk = Y AL
Since Wy F 7} < 0", Lemma 13 gives
Uy % e k% Az e¥ sV =l i Viy -A-

The classifier sequence 6", 471, ..., 0, satisfies the premises of R-T-Appcls: the first reachability premise follows
from the declaration of Wy, and the remaining premises follow by Lemma 11 from the assumptions of the
lemma. Hence, writing o = 1 == 01, ...,7k, = 0, , we obtain

Wy |5” € I—%/ Az e Alo].
Moreover, ¥y | © F" E wf follows by WF-VEnv-Shut.
By inversion of the well-formedness premise in the original value typing derivation, we have
Wy |'Y{> (V102 Y1y e ey Vhy 1 7,;1]7“ F7o A wf.
Weakening this judgment to ¥y and applying Lemma 16 yields ¥, F% A[o] wf.
Therefore, by reapplying VT-Clos-Func, we obtain Wy | © F% v : A[o] val.
Case VT-Clos-Rec: This case is analogous to the previous one, using VT-Clos-Rec instead of VT-Clos-Func.
Case VT-Code: By inversion, we have v = (¢) and A = Vp; .. .ng2.<A1)6/. The derivation gives
Wy |‘50 € I—fg <eo> SV I Y e Yy ’y;ﬁ.A
together with U1 - © wf. By R-T-Appcls and the assumptions of the lemma, we obtain
Wy |% ¢ l—fg (€% Alyy == 61,..., Yk = Ok, ]

Let Uy = ¥;. Then ¥; C ¥y and Domy (¥3) = Domy (¥;). Therefore, by reapplying VT-Code, we obtain
Uy | ©F% v Alyy i= 61, ..,k = O] val.

O
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3.7 Promotion Lemma

Lemma 29 (Promotion for »). 1. If U [7 p22 D 5" wf, then U |71 72 T HR" we,

2. If U T w2 T %" 4 wf, then U [T 72 T H#' 4 wi.

3. If W T 2 Tk g <y, then W 117792 Tk g < .

4o If W T2 T by Coy, then W [0 Tk 45 C .

5. If U |7_1>+>72,F F'§+ e: A, then U |“71>+’Vz r F}?H e: A
Proof. By mutual induction on the given derivation. O
Lemma 30 (Promotion for «). 1. If ¥ |“71>"50 """ % 4)?,T F%Y wE, then U, v (:= dg/ 1D O) |“71>”Y2 %" wf.

2. If W |Td0m0e g2 T BT A wi, then U,y (:= 8/ :2D 8;) 2 T E#' A wi.

8. If W [T000 @ T b g <, then W,75(:= G0/ 12 6x) [T102 T F 5 < .

4o If W |T10000 @2 T b g C oy, then W, y5(:= 60/ :D 8;) 102 Tk 43 C 4.

5. If W [T000c P THE €1 A, then U, yo(i= 60/ 2 6;) [T THE e Al
Proof. By mutual induction on the given derivation. O
Lemma 31 (Promotion for Variables). Suppose y ¢ Domy (V).

1. If v |7_1>’72 x:3 A, T R wi, then U,y : A1 Q 3 := |A71>’73 AT wf.
If v |“71>"Y2 x:3 A, T Rt As wi, then U,y : Ay Q3= s |“71>"Y3 | Ay wif.

If v |“71>”Y2 B AL T E Ay <5, then Uy : Ay @Q 3=y \'71)’”3 TEAy 2 s.

e

If v |'71>”Y2 B AL T E Ay Cos, then Uy @ Ay @Q g2y \'71)"*3 T'EAy Coys.
= —
5 If U |'71>’72 x:3 AT }—']%‘J e:As, then W,y : A; Q 3 := |’71>’“f3 r }_‘Iy%i:y e: As.

Proof. By mutual induction on the given derivation. O

=, —
Lemma 32 (Promotion for Polymorphic glassiﬁeiDeclarations). 1 IF [90% [yy o=y, s im0, T o2
wi, then W, [0 2= 70, ...,y = e [P0 T Fo2" Wi,

51 5t 51 St
2. If U |20 [y i= vy, ooy = 70, T 2 A wE, then U, [y := g, .-, e i g [P0 T2 A wi.

=, —
3. IfU |51"V0 (1= vk im0, T 05 <64, then U, [0 2= Y, - - -5 Vi 2= V) |‘51"70 'k 03 < 64.

=, —
4' If\I/ |61’A/0 [’\/1 :i ’Yia sy Tk :t ’”grmar F 63 g 547 then \I/a [’\/O :i 7(/)7 s Tk :t 7};] |§1”YO ' 63 g 54-

A / /17 a* / 15 6—2>+
S IfW 200 [y o=y, im0 T RS e A, then W [y = 0, .,k = ] [P0 TR e A

Proof. By mutual induction on the given derivation. O
Corollary 3 (Promotion). 1. If ¥ |"71>+>72|—7;1>+’72 e: A, then U |72 ¢ ,_7};1“’772 e: A

2. If W [Th000 Q2T o1 A then W, 75(:= G0/ 12 0) [0 e F™2 e 0 AL

3. Ifv |'71)"Y2 73 Aq I—E’%" e:As and y & Domy (U), then ¥,y : Ay Q v3:>= 75 |'71>"73 5 l—E”:&:y e: As.

A, 5 — 57
4o TP P00 [y o=y, = )0 B e s A, then W, [0 = Ay oo,k = ) [P0 e ERT0 ek AL
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3.8 Demotion Lemma

Definition 12 (Disjointness of Classifiers). We write U - 31 # 73 if W b 4 C ~} does not hold for any | € {71}
and v, € {75}

Lemma 33 (Demotion for Variables). Suppose = : A1 @ ~y =~y € U, U b 45 # 4o, and y5 ¢ Dome (V) U
DOl’nc(F).

1. If U [ DB wE, then U |77 295 Ay, Tlyg = 5] F75 ' (2= wi.

2. If W |72 D BT Ay wf, then W [T 2075 Ay Ty = 5] FB 02571 Ay[yy = 5] wi.

3. If U |’71>’12> L' ¢ < v7 and either v; € Domg (L) or there exists vs € {71,72} such that ¥ \’7{772 'k~ C s,
then W |70 275 Ay, Dlye = 5] b (72 = vs] 2 vrlye = 5]

4. If U |”71>7_2> T+~ C v7 and either v; € Domg(T) or there exists ys € {71,72} such that ¥ \”7{’72 Tk ~7 C s,
then W |70 275 Ay Tlys = 5] F 672 = 5] € vrlr2 = 5]

bvid —
5 If ¢ |7_1>"Y2 r Fjd‘“’H e: Ay, then ¥ |7_1>’74 z:75 A1, T[yg == 5] F?d?’ﬂw'fvs] e: As[vya == 7s].

Proof. We proceed by mutual induction on the given derivation. We only discuss the cases for visibility judgments
and expression typing.

Case Item 1: By induction on the context well-formedness derivation. We spell out the case for R-WF-Ctx-»; the
other cases are immediate by the induction hypothesis and reapplication of the same well-formedness rule.

_>
Suppose the last rule is R-WF-Ctx-». By inversion, I' = 'y, %t and '%,)"’ = 09,03, d1, with premises
—
U172 Ty 1925 wE and W [1702 Ty b 6y C s,

The induction hypothesis gives the demoted well-formedness of I';. Moreover, by Lemma 22, d3 € {’7{ , Y2t U
Dom¢(T';) U FC(T'y), and hence the side condition of Item 4 holds for the visibility premise. Thus

W T 2 Ay g = ), Talya = ] F 01 [72 = 5] € G312 = 5],
Reapplying R-WF-Ctx-» yields the desired well-formedness judgment.
Case Item 2: By induction on the type well-formedness derivation.
Case Item 3: This case is analogous to Item 4, using the inversion lemma and rules for < in place of those for C.

Case Item 4: By induction with respect to deg(¥,I", v7).

By the side condition of the lemma, either there exists v € {71,72} such that ¥ |”71)"V2 'k 7 C g, or
v7 € Domg (). We first consider the case where v; ¢ Dome(T). Then, we have v5 € {71,72} such that
U |’71)7“f2 '+ v C ~5. By disjointness of Dom¢(I') and Dome(V), we have 77 € Dome (V). Therefore
U+ v6 C 7 by Lemma 5. Moreover, Lemma 1 and Item 1 give

~ A=
P w0 Ay [y = 5], Ty o= 5] o wit

Therefore, by Lemma 6, .
W[ 270 A [y = 5], Tv2 = 5] F 76 € 7.
We conclude by cases on whether the substitution v, = 5 affects v or 7.

Case 72 # v and 7, # y7: The substitution leaves both endpoints unchanged, so the required judgment
follows immediately.

Case 72 # v and 72 = y7: By Lemma 9 and z : A; @ 5 := 4 € U, we have ¥ - 74 C 4. By Lemma 6,
W [T% 327 4y [y = 5], Tz = 5] F 76002 = 95] € 7.
Reapplying R-=-Var in the demoted context and then R-C-Lift gives
W [T 5275 Ay [y = 5], Dz = 7s) - 71 C 9.

The conclusion follows by R-C-Trans.
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Case v2 = v = v7: Then y6[y2 = 5] = Y7[72 = 5] = v5. The required judgment follows from R-=<-Refl
and R-C-Lift.

Case v = s and 7, # 7t Since 75 = 72, we have U I v9 C 7. Moreover, for some g € {7{,72} we have
v |7_1>’72 I'+ v C v5. By Lemma 5, this gives ¥ F ~7 C ~g; together with ¥ - ~5 C ~7 and R-C-Trans,
we get W F o C ~g. Since ¥ + 7_1> # 2, the only possible such ~g is 2. Hence ¥ F 7 C ~5. Applying
Lemma 4 to ¥ - v, C v7 and ¥ - 7 C 75 yields 72 = 77, contradicting the case assumption. Thus this
case is impossible.

It remains to consider the case 77 € Domg(T). If v = 7, then 7[y2 := 5] is declared in the demoted
context by Item 1. Hence the desired judgment follows from R-=-Refl and R-C-Lift. Thus assume g # 7.
We perform case analysis using Lemma 10. In each case, the inversion gives a derivation ¥ |“71’”f2 'k~ C 3
where deg(¥,T,d3) < deg(¥,T,y7) and d3 € {77,72} U Dom¢(I') U FC(T'). The membership condition
follows from Lemma 22 when d3 comes from the output stack of the corresponding context prefix. In the
remaining polymorphic-classifier declaration cases, d3 appears as the right-hand side of a declaration ~y7 := d3,
so the condition follows from the definitions of Dom¢(T") and FC(T'). Hence, the induction hypothesis gives

U [T 5% Ay o = 5], Tl = ] F Y2 = 5] C 832 = 5],
Reapplying the corresponding context rule gives

W [T 500 Ay s = ], Dz 1= 5] - d32 = 5] € 97l72 = s,
The desired judgment follows by R-C-Trans.

Case Item 5: By induction on the typing derivation. We spell out R-T-Var, R-T-Name, and R-T-Splice; the
remaining cases are immediate or analogous by the induction hypothesis.

Case R-T-Var: By inversion, the expression is a variable z and the derivation gives lookup (T', z) = Done (A5, d1),

—
U [ TH92% wf and W 772 T H 6y < 6s.

By Item 1, the well-formed context premise is preserved by demotion. It remains to check the side
condition needed to apply Item 3 to the reachability premise. By Lemma 22,

85 € {7,72} U Dom¢(T') U FC(T).

If 635 € Dom¢(T'), the side condition is immediate. If d5 € {7_1> ,Y2}, it is also immediate by taking
3 = J3 and using reflexivity. Finally, if d3 € FC(I'), then Corollary 2 gives some 73 € {77,72} such
that ¥ |’Y1 72 T'F §3 C 3. Thus the side condition holds in all cases, and Item 3 gives the demoted
reachability premise. The lookup premise is preserved by classifier substitution. Reapplying R-T-Var
gives the required typing judgment.

Case R-T-Name: By inversion, the expression is a variable z, lookup (T, z) = Fail, and since the renaming
environment is id, the reserved-name premise is z : Ay @ §; ;= 6o € W. If z = z, then this premise is
the distinguished declaration = : Ay @ 5 :> 4 € W. Then we have

U TR we and W [ Tk 45 < 6.
We first check the side condition needed to apply Item 3. By Lemma 22,
63 € {71,72} U Dom¢(T) U FC(I).
If 635 € Dom¢(T), the side condition is immediate. If 85 € {1,72}, it is also immediate by taking

v3 = 03 and using reflexivity. Finally, if 03 € FC(T'), then Corollary 2 gives some 3 € {’yl,'yg} such
that ¥ |“f1’"72 I' F d3 C 3. Thus the side condition holds in all cases, and Item 3 gives

g 5
WP w7 Ay [y = 5] Py = 5] B 95 = 03[z = 5]
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Moreover, Item 1 gives the demoted context well-formedness premise, and the demoted context contains
the ordinary binding z:75 A1 [y2 := v5]. Reapplying R-T-Var yields the desired judgment.

If z # z, the same reserved-name declaration remains available in W. The context well-formedness
premise is preserved by Item 1. The reachability premise is preserved by Item 3, using Lemma 22 for
the side condition on the output classifier. Reapplying R-T-Name yields the desired judgment.

Case R-T-Splice: By inversion, the derivation gives premises
N —
\j "71’72 T F91:90,,0k wf,

o rd
U T, Q% e r (Ag)%

and ¥ \”71)’72 I' F 65 =% 0;. By Item 1, the context well-formedness premise is preserved. Applying
the induction hypothesis to the body typing premise gives the demoted body typing judgment under
C[y2 = 5], 424. Finally, we check the side condition needed to demote the reachability premise d5 < J.
By Lemma 22,

5 € {71,72} U Dome(T) U FC(T).

If 0 € Domg(T'), the side condition is immediate. If §; € {'yl,'yg} it is also immediate by taking
v3 = g and using reflexivity. Finally, if 6, € FC(T), then Corollary 2 gives some 3 € {’yl,'yg} such
that ¥ |71”Y? I' F §; C 3. Thus the side condition holds in all cases, and Item 3 preserves the reachability
premise d5 < . Reapplying R-T-Splice gives the desired typing judgment.

O

Lemma 34 (Demotion for »). Suppose U F 3 C 75.

1.0 If W T2 DAY W, then W |7 02p%s T HA S wi.

2. If W 02 DAY A w, then U |17 02p7s T HAT A wi.

S If U |7_1>+’”f2’“73 [k vy <75 and either v5 € Dom¢e(T) or U+ 5 C ~s, then W |7_1>+’72>73,F F g =< s.

4. If O |“71>+’“72"Y3 Tk vy C 5 and either v5 € Dome(T) or Uk v5 C 73, then ¥ |'71)+’72>73,F F s Crys.

5. If U M2 DRI o0 A then W [T 2p TR e A
Proof. By mutual induction on the given derivation. O

Lemma 35 (Demotion for «). Suppose v5(:= 6o/ :2 6x) € U, Ut 31 # 5, and y4 ¢ Dome(¥) U Dome(T).

1.

2.

3.

5.

If |72 T3 Wi, then U |71:000k @)% Ty i= 7] 5 D=7l wi,
If v |A71>’"’2 I3 A wt, then ¥ |7_1>"50""’5"<7’17]."['yg = 4] F rai=al Alya = 4] wi.

If o |“f17’Y2 '+ v5 < 76 and either v¢ € Dome(T') or there exists y; € {71,72} such that ¥ \’“ 2Tk C 7,
then ¥ |“Y1 000k ) Tyy == ] b y5[72 = 7a] = Y6072 == 74].

Ifw |“f1>72 'k v5 C 6 and either v¢ € Dome(I') or there exists y; € {'yl,'yg} such that ¥ \71772 L'+~ C v,

then W |%’6°’ Ok )" Tlya =4l b ¥5[v2 == 74] € 672 = 74].

~ .
If W |He T I—;§+ e: A, then ¥ |’71>’60""’6k4k’4,r[")/2 = 4] F b=l ¢ Alys = 4]

Proof. We proceed by mutual induction on the given derivation. The proof follows the same pattern as Lemma 33;
we record the points where the < entry is used.
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Case Item 1: By induction on the context well-formedness derivation. The case for R-WF-Ctx-» is the only one
that uses a visibility premise. By inversion, the last rule gives premises

ﬁ ’
U |’71>,72 I, |—51’52 wf and U |’71>”Y2 '+ §§ - (5/2

The induction hypothesis gives the demoted well-formedness of I'y. By Lemma 22, 8, € {71,72} UDom¢ (I';) U
FC(T';), so Item 4 gives the demoted visibility premise. Reapplying R-WF-Ctx-» completes the case.

Case Item 2: By induction on the type well-formedness derivation.

Case Item 3: This case is analogous to Item 4, using the rules and inversion principles for < in place of those for
C.

Case Item 4: By induction with respect to deg(W, F,%) By the side condition of the lemma, either v €
Dom¢(T') or there exists y; € {’)/1,’)/2} such that ¥ |”Y1"V2 I'F 6 C .

We first handle the case 74 & Domg (T'). Then there exists v7 € {77, 72} such that ¥ |'71}7'Y2 ' C 7. We
have 74 € Dom¢ (V) by regularity; hence ¥ 5 C v by Lemma 5. Moreover, regularity and Item 1 give

v |A71>’50 """ 6k<Z4,F['}/2 =] b wf.
Therefore, by Lemma 6, N
W 7000 )t Tlyg = ] 75 C 6.
We conclude by cases on whether the substitution s := 4 affects 75 or ~g.
Case 72 # 75 and 72 # v6: The substitution leaves both endpoints unchanged, so the required judgment

follows immediately.

Case v # 75 and 72 = 76t By Lemma 9 and v (:= dp/ 12 ;) € U, we have U 45 C dg or ¥ F 5 C 0.
By Lemma 6, the corresponding judgment holds in the demoted context. If the intermediate classifier is
dg, then R-=-4-Ctx followed by R-C-Lift gives

W |70 0 1 Ty = ] b 8 € .
If the intermediate classifier is 0, then R-C-«4-Ctx gives
[T 000 Tlyy = ] F 6k €

In either subcase, the conclusion follows by R-C-Trans.

Case 3 = 75 = 76t Then v5[y2 = 74] = Y6[72 = V4] = v4. The required judgment follows from R-=<-Refl
and R-C-Lift.

Case V2 = s and g # g Since 75 = 2, we have W F 5 C ~4. Moreover, for some ~y; € {'yl, ~v2} we have
v |71 2 T'F 6 C 7. By Lemma 5, this gives U F ¢ C ~7; together with ¥ - v C v and R-C-Trans,
we get ¥ I 9 C 7. Since ¥ At 1 # 72, the only possible such v7 is 5. Hence ¥ - ~g C 5. Applying
Lemma 4 to U - v, C v5 and ¥ F v C 75 yields 72 = 76, contradicting the case assumption. Thus this
case is impossible.

It remains to consider the case 74 € Domg(T). If v5 = g, then g[y2 = 74] is declared in the demoted
context by Item 1. Hence the desired judgment follows from R-=-Refl and R-C-Lift. Thus assume s #* 6.
We perform case analysis using Lemma 10. In each case, the inversion gives a derivation ¥ |'Y1 2 Tk g C 04
where deg(¥,T,d;) < deg(¥,T,7) and 8 € {71,72} U Domq(T') U FC(T'). The membership condltlon
follows from Lemma 22 when §% comes from the output stack of the corresponding context prefix. In the
remaining polymorphic-classifier declaration cases, 65 appears as the right-hand side of a declaration g : = 0,
so the condition follows from the definitions of Dom¢ (I") and FC(T"). Hence, the induction hypothesis gives

W [T0000 4 Dl i= 4] b 5 = ] € 04[7 = 7a)-
Reapplying the corresponding context rule gives

W [TE500 1t Dy 1= ya] - 52 = 4] € 6l72 = ).
The desired judgment follows by R-C-Trans.
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Case Item 5: By induction on the typing derivation. The cases R-T-Var, R-T-Name, and R-T-Splice are analogous

to the corresponding cases in Lemma 33, using Item 1 for context well-formedness and Item 3 for reachability
premises.

O

Lemma 36 (Demotion for Polymorphic Classifier Declarations). Let o = 7o = &(,...,v, = J}. Suppose [yo :=

o
1.

2.

5.

S €W, Uk §+ # 50, - Yk, and 0, € Dome(¥) U Dome(T') for 0 < i < k.

- - — , , —
If WS 20 T2 wi, then W |91 7% [5] 2=+, .., 0 o= 44]%, Tlo] %27 1o] wf.
— — — , o —
If U570 D R2" A wk, then W[5 [6] =4}, ..., 6} 2= 44]%, T[o] F%2 7] Alo] wf.

50+ . . r 50+
If W% T F 6y < 03 and either 03 € Domg(T) or there exists 6, € {01F,7} such that ¥ |91 0 T |
= ’ NG
03 = 84, then W 1796 [5] i= 41,0} 1= 74]%0, T[] F 8afo] < ds[o].

— — —
VIf |51+7”Y0 [ 62 C 63 and either 63 € Dome(T) or there exists 64 € {617, } such that ¥ |51+77° Ik

83 C b4, then W (5776 [61 3=~ ... 8, 2= 74]%, T[o] F 8a]o] C 83[o].

— = — ;o o 5ot To
IFU o EE" ¢ A then W |197% (5] 5= y), ..., 00 = 4]0, To] 22 ) e+ Alo].

Proof. We proceed by mutual induction on the given derivation. The proof follows the same pattern as Lemma 33;
the main difference is that the demotion substitutes the whole sequence of classifiers in o and introduces the
polymorphic-classifier declaration [6] :=~1,...,d} :=7}]% in the local context.

Case Item 1: This case is analogous to Item 1 of Lemma 33.

Case Item 2: By induction on the type well-formedness derivation.

Case Item 3: This case is analogous to Item 4, using the rules and inversion principles for < in place of those for

C.

Case Item 4: By induction with respect to deg(¥,T",d3). By the side condition of the lemma, either d3 €

— =
Dom¢ (T) or there exists d4 € {611,70} such that ¥ |‘51+"YO ' b5 C dy.

— -
We first handle the case 3 ¢ Dom¢(T). Then there exists 4 € {d11,70} such that ¥ |51+’70 Tt 63 Cdy.
From disjointness of Dom¢(I') and Dom¢(¥), we have 5 € Dome(¥). Hence, by Lemma 5, we have
U I dy C d3. Moreover, regularity and Item 1 give

W0 (5] 5m ],  Af)%, Tlo) B wh
| (07 =71, -, 0 im0, Dlo] = wi
Therefore, by Lemma 6, we obtain
5_>+ r <
U017 [6] 2=, ..., 0% 2= %)%, Do) F 62 C 63.
We conclude by cases on whether o affects d2 or 3.

Case 02 € {70,.-.,7} and 95 & {70, ...,7}: The substitution leaves both endpoints unchanged, so the re-
quired judgment follows immediately.

Case 02 € {v0,...,7} and 93 € {70, ...,7&}: Let 03 = ;. If d2 = ~;, this contradicts the assumption ds &
{v0,---,7k}. Thus d2 # ;. By Lemma 9, the derivation ¥ I 5 C ~; factors through either +; or, when
i < k, vit1. In the former subcase, Lemma 6 gives the demoted-context derivation ending in v;, and
the polymorphic-classifier declaration introduced in the context gives v} C d;. In the latter subcase, the
induction hypothesis applies to the smaller derivation ending in v;1; the same context declaration gives
i1 C 6;. Hence in either subcase we obtain
U |6_1)+;y[’) [5/ S 5 54 ’
L Ve ey 0 i )00, Do) = d2[0] C &

79

which is the required judgment because v;[o] = §}.
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Case 62 € {v0,...,7v} and 63 € {y0,...,7&}: Let éo = v, and 83 = ;. Since ¥ F ~; C ~;, the order of
the polymorphic classifier declaration gives i > j. If ¢ = j, the result follows by reflexivity and lifting
after substitution. If ¢ > j, reapplying the corresponding polymorphic-classifier context rule along the
sequence from §; to §; gives

=>4, !
i, |51+770 [(5/1 = 71, ey 52 - 72]6071"[0'] F 5; - (5;

This is exactly the required judgment.

Case 93 € {70,...,7} and 63 Z{v0,...,7}: Let 9 = ;. Then ¥ F ~; C d3. Moreover, for some 64 €
{—> , 70} we have ¥ |51 0 T'F §3 C §4. By Lemma 5, this gives W = §3 C d4; together with W F ~; C d3

and R-C-Trans, we get U b ; C d4. If 04 € {6_1>+}, this contradicts ¥ 6_1> # 7,...,7,. Hence
04 = 70, and so ¥ F d3 C 7. Now ¥ F v; C 63 and ¥ + J3 C o place d3 between ~; and g in
the same polymorphic-classifier declaration. By Lemma 3, this forces §3 = -, for some j, contradicting
03 € {Y0, .-,k }. Thus this case is impossible.

It remains to consider the case 5 € Domc¢ (). If §3 = d3, then d3[o] is declared in the demoted context by
Item 1. Hence the desired judgment follows from R-=-Refl and R-C-Lift. Thus assume 0o # d3. We perform

case analysis using Lemma 10. In each case the inversion gives a derivation ¥ |‘S1 0 T §y C 4 where

deg(¥,T',04) < deg(¥,T",03) and §4 € {51 ,7% ) U Dome(T') U FC(T'). The membership condition follows
from Lemma 22 when d4 comes from the output stack of the corresponding context prefix. In the remaining
polymorphic-classifier declaration cases, d4 appears as the right-hand side of a declaration 03 :>= d4, so the
condition follows from the definitions of Dom¢(T") and FC(T'). Hence, the induction hypothesis gives

= ’ N4
U |90 (57 = A, 6 ]2, Tlo] F afo] C dalo].
Reapplying the corresponding context rule gives
it v st / NG 115,
BT (5] 2m ot 8) 2= 4%, Do) F 4] C sfo].
The desired judgment follows by R-C-Trans.

Case Item 5: By induction on the typing derivation. The cases R-T-Var, R-T-Name, and R-T-Splice are analogous
to the corresponding cases in Lemma 33, using Item 1 for context well-formedness and Item 3 for reachability
premises. The cases for R-T-Polycls and R-T-Appcls additionally use Lemma 16 to commute the classifier
substitution through polymorphic classifier declarations.

O

— —
Corollary 4 (Demotion). 1. Suppose W [ 7127 ¢ l—;ﬁﬂw"ys e: A If Uk 3 C o, then U [T 2 >~/3;_;Yé+v’72773
e: A

2. Suppose ¥ \"71)’72_% }_ﬁ,w e: Aand (= 8o/ D 6) € W and U+ A # vo. If 4 & Dome (W), then
\ \”ﬁ’éﬂ"""sk<z4l—?&’w4 e: Alye == 4]

3. Suppose ¥ |7_1>’72 € FZ{’” e:Ayandx: A Q= € Vand U F ﬁ # vo. If v5 € Dome(V), then
—
7 "7{,’74 775%’141[72 — 75] F;Y&Ws e A2[72 — 75].

— rd
4. Let 0 = vy = &),...,7& = 0},. Suppose ¥ |‘51+ﬁ0 € Ff{rv'ﬂ) e: A, and [0 = Yoy Vk :t_’)y,’c] € VU and
— = roo ’ + 5
U6+ #50,. v If 6 & Dome(¥) for0 < i <k, then W [0 [§f:=~] .., 6= y4]%0 H22 % e 2 Alo].

3.9 Type Soundness

o
Lemma 37 (Inversion for Runtime Expression Typing). Suppose ¥ |”71>+ T l—}?‘+ e: A.

1. If e =mn, then the derivation ends with R-T-Int.
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2. If e =z, then the derivation ends with R-T-Appcls, R-T-Var or R-T-Name.
3. If e=Ax. ¢ and A= Ay — Ao, then the derivation ends with R-T-Func.
4. If e=Xz. ¢ and A =Vo.A', then the derivation ends with R-T-Polycls.
5. If e=rec f(z). ¢/ and A= Ay — As, then the derivation ends with R-T-Rec.
6. If e=rec f(z). ¢/ and A =Vp.A’, then the derivation ends with R-T-Polycls.
7. If e={(e') and A = (A")73, then the derivation ends with R-T-Quote.
8. If e={(e') and A =Vp.A’, then the derivation ends with R-T-Polycls.
9. If e = ejeq, then the derivation ends with R-T-Appcls or R-T-App.

10. If e =$;{e'}, then the derivation ends with R-T-Appcls or R-T-Splice.

11. If e =ref (¢'), then the derivation ends with R-T-Ref.

12. If e = deref(e’), then the derivation ends with R-T-Appcls or R-T-Deref.

18. If e = e; := eq, then the derivation ends with R-T-Appcls or R-T-Assign.
Proof. This follows directly from Lemma 19. O

Lemma 38 (Safety of lookup). If ¥ |7 ¢ ), z : A, which is derived by R-T-Name, and ¥ | © B E wf, then
there exists v such that lookup (E,rename (R, z)) = Done (v) and ¥ |© Y v : A val.

Proof. By induction on the derivation of ¥ | © FY E wf. For the base case where E = (E1,z = v), we use
Lemma 27 to conclude. O

Lemma 39 (Safety of lookupStore). If U | © F7 [ : A ref val and ¥ - S: O, then there exists v such that
lookupStore(S,!) = Done (v) and ¥ |© FY v : A val.

Proof. Straightforward by inverting VT-Loc and T-Store. We also use Lemma 27 to conclude. O

Lemma 40 (Safety of updateStore). If ¥ |©OFY v: Aval, UF S: ©and l: A € O, then updateStore (5,1, v) =
Done (S1) for some S; where Uk S1: ©.

Proof. Straightforward by inverting T-Store. O
Theorem 1 (Soundness of Runtime Typing).
L If Uy |mebl e A, Uy | O E wf, and ¥y = S1: O, then either of the following holds.

e V(e E, R, Domy (¥,), Sy, ky) = Timeout
e There exist v, ¥y, Oo, and Sy such that
— V(e E, R, Domy (¥1), 51, k2) = Done (v, Domy (¥;), S),
— Uy | Oy " v : A val,
— Uy - S5: Oy, and
— Uy C Uy and ©1 C O,.

"/Ua~~~/‘/kl+

2. If Wy |10t g b p elk1+ c A, Uy | O R Ewf, and U1 - Sy Oy, then either of the following holds.

o Viut(ky e E R Domy (¥,), 5, k) = Timeout
o There exist ex™, Uy, Oq, and Sy such that
— Yl (kg LA ON Domy (V,), S, k) = Done (ex*, Domy (¥5), Ss),
— Wy [Tt g l—;ﬁ’mﬁkﬁ ek : A,
— Uy - S5: Oy, and
— U C ¥y and ©1 C O,.
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Proof. By mutual induction with respect to ky and the given derivation.
Item 1: The case where k; = 0 is trivial. We consider the case where ky > 0. We perform case analysis on e.

Case Last derivation is R-T-Appcls: Let ¢ = 01 1> 01,...,0; :>= 0}, and o0 = &1 == §7,...,0, = 0}. We are
given

Uy [MekR e’ V. A
Uy ek =<0 for1<i<k W |[Mebd, Cofor0<i<k
Uy [ ekp el Allo]

R-T-APPCLS

where 0 =y, and A = A'[o].
By the induction hypothesis applied to the premise typing derivation, either of the following holds:
e V'’ E, R,Domy (¥,), S, k2) = Timeout
e We have vy, Vo, Sy and O, such that
— V' (eY, E, R, Domy (¥), 51, k2) = Done (v, Domy (¥5), Ss)
— Uy | Oy F7 9y V. A" val
— Uy S5: Oy
- v, CV,
- 0; C O
The first case is trivial, and we consider the second case. By weakening along ¥; C W5, we have
o Uy |7t gk 4, <6 for each ¢ with 1 <4 <k,
o Uy [M ety C 07 for each 7 with 0 < i < k.

By Lemma 5, these give the global premises required by Lemma 28. Hence, by Lemma 28, there exists
U3 such that Uy C U3, Domy (¥3) = Domy (V¥5), and

\Ifg | @2 R (U A/[O'} val.

Moreover, W3 - Sy: ©5 follows by weakening along Wy C W3. Thus the desired result follows by taking
the final value to be vy, the final reserved-name context to be W3, and the final store typing context to
be 62.

Case ¢’ = z: By Lemma 37, the typing derivation ends with R-T-Var, R-T-Name, or R-T-Appcls.
The case of R-T-Var is impossible because I' = ¢. The case of R-T-Appcls has already been discussed.
The remaining case, R-T-Name, follows from Lemma 38.

Case e = \z. e: By VT-Clos-Func.

Case ¢’ =rec f(z). e’: By VT-Clos-Rec.

Case €% = ¢,%¢,%: By Lemma 37, it is derived by R-T-Appcls or R-T-App. As the former case is already
discussed, we consider the latter. In this case, we are given

Uy Merp e’ B4 Uy [Meb) e’ B

R-T-AppP
Uy e bR e%el’: A

for some B. By IH on e, either of the following holds:

e V'%(e;°, E, R,Domy (¥;), 51, kp — 1) = Timeout

e We have vy, Uy, Sy and O3 such that
— V'(e;%, E, R,Domy (V¥;), Sy, ks — 1) = Done (v, Domy (¥3), Sa)
— Uy |O3F" v : B— A val
— Uy S5: Oy
-9 CUy
- 0:C0O,
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The first case is trivial, and we consider the second case. We have ¥y |7 € )} e’ : B by Lemma 11.
Moreover, ¥y | ©9 E7t E wf follows by weakening along ¥y C ¥y and ©1 C ©5. Thus, we can apply the
TH and get either of the following.
o V' (eY E, R, Domy (¥3), S2, k» — 1) = Timeout
e We have v, U3, S3 and O3 such that
— V(e E, R,Domy (V3), Sy, ks — 1) = Done (v5, Domy (V3), S3)
— qul@;g}—’yl vy : B val
— U3k S3: 03
— Uy C U3
— 02 C O3
The first case is trivial, and we consider the second case. w; is typed by either of VT-Clos-Func or
VT-Clos-Rec. We consider the case where vy is typed by VT-Clos-Rec, and the other case is similar. By
inverting the typing of v, we have v; = clos (E1, Ry, rec f(7). e3?) for some Ey, Ry, f, © and e3° such
that
o Uy | ek} rec f(z). es": B— A
o U3 | O3 Ey wf
o UM B — A wf
for some 72. By inverting the typing of rec f(z). e3’, we have W3 |72 f:*B — A, 271 B I—;’%“l e’ A
for some 5 and 4. We take g = gensym (Domy (¥3)) and y = gensym (Domy (¥3),g). Let Ry =
Ry, f =g,z =vy. As g & Domy (¥3) and y ¢ Domy (¥3), we apply Corollary 3 to get ¥3,9: B —
AQA3:i= o,y : BQAy =3 |74 EF}% e3? i A Let Uy =Us3,0: B — AQy3:=7y,y: B Q> ;.
From U3 | ©3 2 By wf and Uy | ©9 F" v : B — A val, we have ¥y | O3 F7 Ep,g = v wf
by WF-VEnv-Var, weakening along Wy C W3, W3 C ¥, and O, C Oz, and Lemma 27. Then, as
we have U3 | O3 F7 vy : B val, we have ¥y | O3 F7 Ey,9 == v,y = vy wf by WF-VEnv-Var,
weakening along W3 C W4, and Lemma 27. We also have ¥, - S3: ©3 by weakening along W3 C U,. Let
E, =FE,g:= v,y = vy. Hence, we can apply IH on e3° to get either of the following.
o V'(e3Y Eo, Ry, Domy (), S3, k; — 1) = Timeout
e We have vs, U5, S; and ©4 such that
- Vrt(ego, .EQ7 RQ, DOIIlv(\I/4), 537 kg - 1) = Done (’1)3, Domv(\I/5), 54)
— U5 | Oy 7 931 A val
— U5k Sy: 04
- U, C s
— B03C 0y
Here, V'*(e%, E, R, Domy (¥), S1, k) = Done (v3, Domy (¥5), Sy) from the definition of V'*. Hence, it
suffices to show that U5 | ©4 F7 v3 : A val, which can be shown by Lemma 27.
Case ¢’ = (¢;!): By Lemma 37, it is derived by R-T-Quote or R-T-Polycls. After repeating the inversion,
we have

Ty % [o1]”, ... [on]™, VW"%’W el Ay
for some k, 01,...,0k, 01,.-.., 0k, A1 and 75 such that £ > 0, §o = 1, and A = Vp; ...Vog.(A1)72.
By repeating Corollary 3, we have

\1117 [61 Zt (5(], Ql]; ey [5k ZE 5}€,17 Qk] |51€,’y2 € "%”Yz 611 . Al.

Let Uy = WUy, [61:=00, 01, -, [0 :=6k_1, 0x]. We have Domy (¥3) = Domy (¥;) and ¥, | ©; F* E wf
by weakening and repeated application of WF-VEnv-Polycls. Also, s - S7: O follows by weakening.
Hence, we apply the induction hypothesis on e;! and get either of the following.
o V(0 ¢! E, R, Domy (V¥3), Sy, ky — 1) = Timeout
e We have e,°, U3, Sy and O, such that
— Vit (0, e;1, E, R,Domy (¥5), S1, k — 1) = Done (e, Domy (¥3), Ss)
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Uy 2 e 2 %1 4y

— U3k S5: Oy

- Uy, C V3

-0, C 6
The first case is trivial, and we consider the second case.
Since Domy (¥3) = Domy (¥;), the definition of V' gives

Vi ((e!), E, R,Domy (¥,), S, k) = Done ((;°), Domy (U3), S5).
It remains to show W3 | ©2 F7 (e30) : A val. By repeated demotion, using Wy C W3, we have
Wy %0 [01]%, .. [on]®, w72HDET? €0t Ay
Then applying R-T-Quote and R-T-Polycls repeatedly, we have
s 0 e H3 (%) A

Hence, we can apply VT-Code to get the desired value typing judgment.

Case ¢’ = $9{e;°}: By Lemma 37, it is derived by R-T-Appcls or R-T-Splice. The former case is already
discussed, and we consider the latter case. We are given

\Ifl |'Yl 48“‘}? 610 : <A>73 \Ifl |’Yl ek V3 = Y1

R-T-SPLICE
\Ifl |’Y1 € l_}%,l $0{€10} A

for some 2 and 3.
Let Uy = Uy, 95(:>= v1/:2 71). By Corollary 3, we have Wy |72 ¢ I—'E e1V 1 (A)73. We have Domy (¥5) =
Domy (¥y), and ¥y | ©1 72 E wf by WF-VEnv-Shut. Also, ¥y - S7: O follows by weakening. Hence,
by the induction hypothesis on e;°, we have either of the following.
o V(e E, R, Domy (¥3), S1, ky — 1) = Timeout
e We have vy, V3, Sy and O, such that
— V(1% E, R,Domy (V3), S1, ks — 1) = Done (v;, Domy (V3), S)
— U3 | Oy 72 9y 1 (A)73 val
- \113 - SQI @2
— Uy C U3
— 01 C O
The first case is trivial, and we consider the second case. By inverting the typing of v;, we have
Uy [2 & H3 (%) : (4)” for some e such that v; = (e;°). By inversion of R-T-Quote, we obtain
Wy [72p73]27% €0 : A, Hence Lemma 17 gives U3 [* ¢ H3 e° : A. By weakening the premise
Uy | ek 3 < along Uy C ¥y and ¥y C U3, and then applying Lemma 5, we obtain W5 F 3 < 7.
Hence Lemma 13 gives W3 [ ¢ ]} e : A. Moreover, U3 | O, 71 E wf follows by weakening, since
U, C Uy, U, C U3, and ©; C O,. Thus, by the induction hypothesis on e;°, we have the following.
o V(e F,id, Domy (¥3), Sz, ky — 1) = Timeout
e We have vy, Uy, S3 and O3 such that
— Ve’ E,id, Domy (¥3), S2, ky — 1) = Done (v2, Domy (¥,), S3)
— WU, | O3 vy : A val
— U,k S3: 05
- U3 C 0y
— 02 C O3
The first case is trivial, and we consider the second case. Since Domy (¥32) = Domy (%), the definition
of V't gives V' ($0{e1°}, E, R, Domy (¥;), S1, k2) = Done (v3, Domy (Vy), S3). Therefore we are done.
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Case ¢’ = ref (¢;°): We are given

\Ifl |’Yl e "l-il 610 : A1

Uy | e F3 ref (e,°) : A; ref

R-T-REF

0

for some A; where A = A; ref. By the induction hypothesis on e;”, we have either of the following.

e V', E, R,Domy (¥;), 51, ky — 1) = Timeout
e We have vy, ¥y, Ss and O3 such that
- V(1% E, R,Domy (V¥;), S1, ks — 1) = Done (v, Domy (¥3), S)
— Uy | Oy F7 vy 0 Ay val
— Us S5: Oy
- U C Wy
- 0; C 0O
The first case is trivial, and we consider the second case. Let | be a location such that alloc (S3) =
Done (1). Since | € Domyp(S3), define S3 = Ss,1:= v and O3 = O5,1: A;. By the definition of V',

Vi(ref (¢,°), E, R, Domy (V,), S1, k) = Done (I, Domy (¥;), S3).

It remains to show ¥y | ©3 F7 [ : A; ref val and Uy F S3: ©3. The former follows from VT-Loc. The
latter follows from T-Store, using the store typing of Sy and the value typing of v;.

Case ¢ = ¢, := ¢,°: By Lemma 40.

Case ¢ = deref(e;Y): By Lemma 39.

Item 2 : The case where ky = 0 is trivial. We consider the case where k; > 0. We perform case analysis on e and
its last derivation.

Case Last derivation is R-T-Appcls: Let ¢ = 01 :> 07,...,0; :>= 0}, and 0 = 61 == §7,...,0, = 0}. We are
given

\Ijl |’)’0 ..... ’Yk1+ e l_’]};),...v’)/]qu 61k1+ :V‘Q.AI

Wy [0t e b <6 for 1< i<k Wy [Tt b4 C for0< i<k

Wy [0t g T e BT A o]

R-T-AppPCLS

where 0) = v;,+ and A = A'[o].
By the induction hypothesis applied to the premise typing derivation, either of the following holds:
o Viut(g 61k1+,E, R,Domy (¥y), S5, k2) = Timeout
e We have ex*, Uy, Sy and ©4 such that
— Viut(ky, e)"", B, R, Domy (¥,), S1, k2) = Done (e;*, Domy (¥3), S5)
oy [ e T gk gAY
- ‘112 = SQZ @2
- U C U,
- 0; CO;
The first case is trivial, and we consider the second case. By weakening along ¥; C W5 and then applying
Lemma 5, the reachability/visibility premises become global judgments over ¥s. Applying Lemma 6 to
the residual stack 1, ...,y gives
o Uy |71V g b= L < §Y for each ¢ with 1 < ¢ <k,
o Wy [0V g k=G ) C 6y for each 4 with 0 <4 < k.
Reapplying R-T-Appcls gives
Wy [V Tk 5%?& """ T g,k . Alo).

This is what we want.
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Case e’ = Az. e1® " : By Lemma 37, it is derived by R-T-Func or R-T-Polycls.
In the former case, we are given

~! e Yhe >V +
\I/l |FYO """ ’yk1+ xT: 1 A1 "7%0 Tk elkl . AQ
! FC(A N\ V05 Vg + c |_”/0,~~-ﬁk1ﬁk.1+ wf
25! 2 1
C

yeins Y05-es Vi, + +
Uy [0t g b TNz e M A = A

for some Aj, Ao and 7.
Let y = gensym (Domy (¥;)) and Wy = ¥,y : Ay @Q v} :> 7, +. By Corollary 3, we have
Wy [P0 g T g T g,
Moreover, Domy (¥3) = Domy (¥,), y. By weakening along \Ill C WUy, we also have Uy | O F0 E wf
and Uy - S7: ©4. Hence, by the induction hypothesis on e1®™" either of the following holds:
o VIUt(k e mt g (R,z == y), Domy (V¥;), Sy, ks — 1) = Timeout
e We have e;®, U3, S5, and O5 such that
— Viut(gy, elk1+,E, (R, 7 = y),Domy (U3), 51, ks — 1) = Done (e*1, Domy (¥3), 55)
— Wy [T g }—?;""’%1’% ek 1 Ay
— W3k Sy: O9
- Uy C U3
— 01 C O

The first case is trivial, and we consider the second case. Since 7; ¢ FC(A4z), the demotion does not
change the result type: As[y; = 4] = As. Thus, by Corollary 4, using U5 C U3, we have

Wy [V y:“’éfh F;{;,--.m@lﬂ/g ek A,
for fresh ~4. Reapplying R-T-Func gives
Vg |’Y1 g |_717 T /\?j 62 A — A2

Since VUt (ky, Az. e ™ " E,R, Domy (V,), S, k) = Done (\y. e, Domy (¥3), S5) by the definition of
Vit this is the des1red result.

We next consider the case where e®1 " is derived by R-T-Polycls. In this case, we are given
. - 5 §
Wy [0t [§) 0= 8, O o= 000 T Az et A
b ¢ FC(A/) Uy |’YO""”Y7“1+ & Y05 V100 o f
R-T-PoLrycLs
Wy [Tt g B0 % g o BT LS e 8L 6y e O A

for some k, do,...,0k, 8),...,0}, and A’, where §) = vy, + and A = Vo, := 07,...,0, := 6. A",
By Corollary 3, the premise typing judgment can be promoted to the reserved-name context. Let

\IJQ = \1/1, [5() Zt (56, .. ~;5k' Zt 5;6]

Then s
sy Tk s +
U, |00 Yy 00 o ;_'1720 Ve 00y €1k1 AL

Moreover, Domy (V3) = Domy (¥;), and the environment and store typing premises are preserved by
weakening along ¥; C U,. Hence, by the induction hypothesis applied to this promoted derivation,
either of the following holds:
o Viut(ky Az, 61 " E,R,Domy (¥,), S1, k) = Timeout
e We have e;*1, U3, Sy, and Oy such that
— Vit (k A e E, R, Domy (Us), Sy, ky) = Done (e;, Domy (¥3), Ss)
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— Uy |717~--7’Yk1,50 e |_;27“"'W€1’60 e2k1 <A

- \Ilg - SQZ @2

- Uy C U3

- 01 C O
The first case is trivial, and we consider the second case. By the definition of V™ for functions, there
are some y and eékl such that ex®™ = \y. eékl. Hence e* is an introduction form. By applying the
polymorphic-classifier case of Corollary 4, using W5 C W3, we obtain the local premise

’ N 5 seees Yk vé
Ty |'yl,..4,'yk1,50 [51 - 5/17 e O 52]00 |_17(; Yy 500 62k1 AL

Reapplying R-T-Polycls gives

! sees Yy 100 S
Wy V1o g TR0 g Ry o 8Ly = 0 AL

Since Domy (¥3) = Domy (V1) and &y = 7y, +, this is exactly the typing required for the result of the
original Yfut computatlon

Case ¢ = rec f(x). e : Mostly the same as the previous case, but we need to use R-T-Rec instead of
R-T-Func.

Case e’c T = <61k1+2> By Corollary 4.

Case 1" =§;. {e/™ k3} where &t > kg: By Corollary 4.

Case e =§ eyt {e1°}: By Lemma 37, it is derived by R-T-Appcls or R-T-Splice. The former case is already

discussed, and we consider the latter case.
We are given

Wy |10 et <2i+}_(15% 0 <A>52 Ty V0Tt g b 5y < Vi + 6, & FC(A)
Uy [0t e b Y g e %) 4

R-T-SPLICE

for some 6; and ;. Let Wy = Wq,0,(:= 70/ :2 v4,+). By Corollary 3, we have
\IJQ |61 g |_5R1 610 : <A>62.

Moreover, Domy (¥5) = Domy (¥;). By weakening along U; C Wy, we have ¥, | ©; O E wf by
WF-VEnv-Shut, and ¥y F S;: ©;. Hence, by the induction hypothesis on e;°, either of the following
holds:
e V''(e,% E, R, Domy (V¥3), S1, ks — 1) = Timeout
e We have vy, V3, So and O3 such that
— V'%(e,°, E, R,Domy (V¥3), S1, ks — 1) = Done (v, Domy (¥3), So)
- \1’3 | @2 }_61 (% <A>62 val
- \113 = SQZ @2
- Uy C U3
- 0; C 0O
The first case is trivial, and we consider the second case. By inverting the typing of v; and applying
Lemma 17, we have W3 |2 ¢ I—fg e? 1 A for some e,? such that v = (e3”). By weakening the premise
Wy |7t e b gy < qy,+ along ¥y C Wy and Wy C U3, and then applying Lemma 5, we obtain
U3 b= d2 = g, +. Hence Lemma 13 gives

. Y15 Vk
\113 ‘717-.-77k1 e '_15 1 62O - A

Since Domy (¥3) = Domy (¥;), the definition of V't gives the desired result.

Corollary 5 (Soundness of Surface Typing). If ' €®: A, then either of the following holds.
e V(e ¢g,id, ¢, ¢, ky) = Timeout

e V(e ¢,id, ¢, ¢, ky) = Done (v, N, S) where ¥ | © ' v : A val, Domy (V) = N and ¥ - S: © for some ¥
and ©.
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3.10 Safety of Offline Code Generation
Lemma 41 (Discarding Reserved Names). If ¥ |' el €% : A, thene |'eH}y ¥ : A.
Proof. We prove the following generalized statements by mutual induction on the derivations.
1L IfWU|' DY wf, thene |'THT" wi.
2. IfW|'TH" Awf thene|'THT" A wf.
3. If U ' T < v, where 73 € Domg(T) and v € Domg(I), then € |' T' v < 7.
4. f U |'T v C v where y; € Domg(T) and 752 € Domg(T), then ¢ |' T F 71 C 7s.
5. U0 ['TH. e:A thene ' THL e: A
Then, the main statement is the special case of Item 5, where I' = €. O

Theorem 2 (Safety of Offine Code Generation). If ¢ ' % : (A) and V(e ¢,id, ¢, ¢, k) = Done (v, N, S),

then v = (e°) and ¢ F e0 1 A for some .

Proof. From Theorem 1, we have some ¥, © such that ¥ | © ' v : (4)! val where Domy (¥) = N and Dom[,(6) =
Dom/(S). By inversion of VT-Code, there is some ey such that v = (e3) and

U ebly (e2) 1 (A
By inversion of R-T-Quote, we have o
T 'ely et A
Hence Lemma 17 gives ¥ |' ¢ I—id es : A. Finally, Lemma 41 yields ¢ |' ¢ I—id e A. O

4 Counterexamples for Type Soundness of !

\! [1] is an attempt to design a contextual-types-based type system for MetaML-style MSP with mutable state.
The idea is to annotate code types with contexts, which is similar in spirit to our use of RECs. However, contextual
types in Allaccount only for what we call reachability and cannot capture visibility. As a result, Aladmits well-typed
programs that nevertheless cause scope extrusion. In fact, the scope-extrusion example from Section 2.3 is typable
in Al. Below, we present the corresponding program in Al.

i let T[](int) ref - ref{[](int)}(T 1) in
M Azt L] (setine)y (1, T (Let 4™ = 1 (2) in 1)); 11 2));
get{int—)int}(r)
:int — int

The semantics of Aluses a local store, which does not allow code fragments to escape their defining scopes. Hence,
sety[(int)} ON the second line gets stuck, because the code fragment 1 (let y*** = 1 (z) in 1) cannot escape the

scope of . This is a counterexample to progress for .
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